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PERIODIC SYSTEM OF CLOSELY LOCATED HOLES IN A
QUASIORTHOTROPIC PLANE

M.P. Savruk,l’2 A. Kazberuk,3 and A.B. Chornen’kyi1 UDC 539.3

We study a plane periodic problem of the theory of elasticity for a quasiorthotropic plane with an infi-
nite series of closely located curvilinear holes by the method of singular integral equations. By using a
unified approach to the solution of the problems of stress concentration factors near holes with sharp and
rounded vertices, we obtain the stress intensity factors at sharp vertices of the holes. The stress concen-
tration factors at rounded and sharp tips of two-sided parabolic and U-shaped notches are found as a re-
sult of the limit transition.

Keywords: quasiorthotropic material, periodic system of holes, method of singular integral equations,
stress intensity factor, two-sided notch.

Periodic problems of the theory of elasticity for a plane with infinite series of smooth curvilinear holes were
studied by numerous researchers. The numerical values of stress concentration factors (SCF) were, for the most
part, obtained for elliptic and circular holes in isotropic [1-4] and anisotropic [5-8] planes for large distances
between these holes. The stress intensity factors (SIF) and SCF at sharp and rounded vertices of closely located
holes in an isotropic plane were found by the method of singular integral equations (SIE) [9, 10] with the use of
a unified approach to the solution of the problems of stress concentration near the holes with the same vertices.

In what follows, by using this approach, we solve a plane periodic problem for the quasiorthotropic plane
weakened by an infinite series of closely located curvilinear holes. In the case where the holes approach each
other, from this solution, we obtain the SCF at the rounded tips of two-sided notches in the quasiorthotropic
plane as a result of the limit transition.

Integral Equation of the Problem

Consider a quasiorthotropic plane (degenerate orthotropic material [10—15]) weakened by a periodic series
of curvilinear holes. The origin of a Cartesian coordinate system Oxy is located inside a hole with smooth con-
tour L in the main strip of periods with width d. The Ox- and Oy-axes are directed along the principal axes of
orthotropy. The holes are uniformly distributed along the Ox-axis. As a positive direction, we choose the direction
of traversing the contour L for which the domain of the body S remains to the left (Fig. 1).

At infinity, the quasiorthotropic plane is stretched by stresses
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Fig. 1. Periodic system of curvilinear holes in a quasiorthotropic plane.

and, on the edges of the holes, we specify a self-balanced load
N +iT () = p«(t), tel,

where N™(f) and T7(t) are, respectively, the normal and tangential components of the vector of stresses.
The problem is solved by the method of SIE [9, 10]. We use the method of superposition and seek complex
stress potentials for an orthotropic body in the form [16]

D} (z1) = BV (z)+Di(z), Yiz) = PV +Wi(z),

where

-2 -2
+ — _
of@) = L and W) = P iy

are given functions that describe the homogeneous stress-strain state in a solid quasiorthotropic plane without
holes and the potentials ®(z;) and Y¥;(z;) determine the perturbed state caused by the holes. Here,

71 = x+1yy is acomplex variable and 7y is the parameter of orthotropy. In the plane stressed state, this param-

eter has the form 14/Ex/Ey [12, 13].

By using the analogy between the plane problems of the theory of elasticity for isotropic and quasiortho-
tropic bodies [12], we choose the potentials ®;(z;) and Y (z;) for the quasiorthotropic plane with periodic

system of holes in the form

1 T ,
D(z1) = — | cot— (1) — z1)gi(ty) dry,
2d i d

ey

1 i —_— T T — T
¥ = — | {cot=(t; —z)g|(t])df; —| cot—=(t; —z1)+—(t; —t; + 22 - "(t)dt; b
1(z1) 2di[1{ d(l 21)g1(t) dn [ d(] 21) d(l 1 +21)cse d(] Zl)jlgl(l) 1}

Here, g{(¢;) is an unknown continuous complex-valued function given on a contour L; in the plane z; that
corresponds to the contour L in the plane z. Subscript “1” in all complex quantities indicates that they are



658 M. P.SAVRUK, A.KAZBERUK, AND A.B.CHORNEN’KYI

related to the plane z; = x+iyy. Setting the parameter y =1, we arrive at the corresponding relations (with-
out subscript 1) for the isotropic material [16]. The parameters corresponding to the planes z and z; satisfy
certain relationships, namely,

1 _
=[G+ a=-nr],
()
dll 1 dt
— == {0++d-7—|.
iy [( +A=7) 5 }
For the determination of the perturbed state, we get the following boundary condition on the contour L:
. dir— —
N@O)+iT@) = p(t) = p*(t)—{q)o(t)+ D (1) + E[tCDO(tH ‘Ir’o(t)]}, relL, 3)

and, in addition, the stresses vanish at infinity.

Let X, and Y, be the Cartesian components of the vector of stresses acting on the curvilinear contour L
from the outer normal n. They are related to the normal and tangential components of stresses N and T by
the formula [17]

d(JF . OF

dt
X, +iY, = —i— iT) = —| ——i—
ntiYy, ldS(N+l ) ds(ay lax), “)

where s is the angular abscissa on the contour L corresponding to the point t =x+iye L.
By using representations (3) and (4), we find

i ds S A
— X, =Y, | = @)+ @ (1) + = (61 @[+ P (1) ). n el
Y dll dll

Satisfying the boundary condition (3) with the help of potentials (1), we reduce the formulated boundary-
value problem to the SIE [10]

L Mo dh a0 d5i _ gy el 5)

. o
— | | Ki(t1,t))g1(t)dy + Li(T1,1)g1(T)dT) |- ——=
- _H: 1T, 11)81(T ATy + Ly (Ty,£1)81(T1) 1:| 2i iyl diy 1 diy

L

for the determination of the unknown function gi(#;). To the left-hand side of Eq. (5), we add the following func-
tionals that are equal to zero (under the condition of self-balanced loading on the edge of the hole):

Mo = i] [Tgi(rdn —tgim)an | ag = [ gimdr.
L L

These functional guarantee the uniqueness of solution for an arbitrary right-hand side Py(f;) [16]. In this case,
it is also taken into account that the origin of the coordinates z=0 ¢ S is located inside the hole, s; is the an-
gular abscissa of the point #; on the contour L;, and [ is an arbitrary parameter with the dimension of length.
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The kernels and the right-hand side of the integral equation (5) are given by the formulas

T T dt
Ki(T(,t]) = —| cot = (T —t;)+ —
1(T1,11) 2d[ d(l 1) i

T _
t—(T,—1) |,
COd(1 1)}

T dt T dt
Li(t,ty) = —|| 1—-— t— (T —t —— (T -1+, -7 —r—t
1(T1,11) Zd[( dtleO T —-1n)- ddl(l 1+ 1 = T)ese? = (T 1)}

~ 1 d
) = Z—Y[(Hv)p(t)—(l ’Y)p(t)—}d—tl

We represent the parametric equation of the contour L in the form
T=InE), tel, 0<E<2m.
After the corresponding change of variables (r =/m(m)), we reduce the integral equation (5) to the dimension-
less canonical form
2n

1 _ o
— J[MiE W@+ MEmm® & = A, 0<n<om, (©6)

0

where

o §) wi(m) |®1(ﬂ)|
207 (1) wi(n) oi(m)

M (&) = IK; (1o (§).lo;(M)) -

0 oi(n
20 (m) O

Ni(E.m) = IL; (1o, (§),lo;(M)) +

P (o()

M) = 2 loM) = 1.
p

0@ = gf (0,5) 29
p

For the smooth curvilinear holes, the unknown 2m-periodic function u(§) is continuous but, at the verti-

ces of the contour with large linear curvature, it has quasi-singularities, which is explained by high levels of
stress concentration. Thus, in order to improve the convergence of the numerical solution of the integral equa-
tion (6) in the case where the contour L has k cyclically located vertices, we use a nonlinear transformation
of variables [18]

£E=G(t), 0<t<2m, m=G®), 0<0<2r, (7)

where

G(t) = r—%sinkt, 0<1t<2m.
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After the change of variables (7) in the integral equation (6), we get

27

1 - -

— J[MiE 0+ ME (@ [6'(mdt = A®), 0<0<2m. (8)
0

where

u(t) = u1(G(t)), P(0) = P(G(O)).

Solving the SIE (8) by the method of quadrature, we arrive at a system of linear algebraic equations [9, 10,
14, 16]

1 4n _ B
—- 2 [ MG @)+ NG @0 J610) = B, m=1.....4n, )
k=1

where the density of the quadrature nodes and collocation points

£ = Gy, 1= FCRED oy,
4n

n, = GO, 8, ="""D o an
2n

increases near the vertices of the hole as a result of transformation (7).
Assume that the contour L has two axes of geometric and force symmetry, which coincide with the Ox-
and Opy-axes. Then the order of the system of algebraic equations (9) can be made four times lower. By using

the corresponding conditions of double symmetry [10]

mQer-8=u;&) and w(m-8&=—u€)

for the unknown function u;(§), we arrive at the following system of n complex linear algebraic equations:

1 ! * , -
~Re > [ M (M (1) ]GT(T0) = Fi(6,). m=1,n+1,
k=1
(10)
1 4 * * ~
E 2 |: Ml (§k9nm)ul(rk)+N1 (&k’nm)ul(Tk):IGl’(Tk) = Pl(em)’ m=2,...,n,
k=1
for the evaluation of n unknown values of the complex functions u;(t;), k=1,...,n. Here, it is denoted

M Ee M) = MiE M) = Ni(=E, M) = My (+ &, M,) + N2 = Ei ),

NY G = N1 M) = My (0= &g, M) = Ny (T4 e, M)+ My RT = E M) -
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Fig. 2. Dependences of the function (1- NN{)G:/ p at the vertices of elliptic holes in a stretched elastic plane on the parameter 2a/d
(x =0.1).

After the solution of Egs. (10), we determine the complex stress potentials (1) and (2) with the help of which

we can find the stress-strain state in the entire elastic domain. The normal stresses ©° along the edge of the
hole are expressed directly via the obtained function u;(z) [9, 10].

Periodic System of Elliptic Holes

Consider a system of elliptic holes in an elastic quasiorthotropic plane stretched at infinity by stresses
Gy = p in the direction perpendicular to the line of centers of the holes whose contours are free of loads

(65 =g=0, p«(t)=0). The semiaxes of the ellipse are denoted by [ and b. We introduce the following
dimensionless parameters: ¥ = 2//d is the ratio of the major semiaxis of the ellipse to the width of the band of
periods d; (1—7)=2al/d is the relative distance between the holes, where a is the distance between the ver-
tices of the neighboring contours; ¥ =p/a =€y/(1—7) is the ratio of the radius of curvature p to the distance
between the contours, where € =p/[ is the relative radius of curvature at the vertex of the hole (Fig. 1).

The numerical results required to find the SCF near the vertices of elliptic holes were obtained by the meth-
od of SIE [10] for the geometric sizes 0.001 <y <1 and 0.001 < 2a/d <1 and various values of the orthotro-
py parameter Yy (Fig.?2).

On finding the SCF for a periodic system of elliptic holes in the elastic quasiorthotropic plane for small
relative distances between the neighboring holes (Y — 1) (Fig.2), we can perform the limit transition to a two-
sided symmetric parabolic notch in the quasiorthotropic plane stretched at infinity by the forces P = pd (Fig. 3):

k *

Og . ~.. 047
kp = = lim(1-9)—=, 11
‘= g ?1_>ml( ) P (11)

where 6; is the normal load at the tip of this notch.
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Fig. 3. Dependences of the SCF k, at the tips of two-sided parabolic (a) and U-shaped (b) notches on the parameter x = p/a.
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Fig. 4. Dependences of the function (1—¥)c4/p at the tips of narrow slots on the relative radius of curvature €=p/l (3 =0.1).

If the direction of tension of the quasiorthotropic plane coincides with the direction of the larger modulus of
elasticity (y < 1), then the SCF k, at the tip of the parabolic notch is larger than in the isotropic plane (y =1),

and vice versa (Fig. 3).

System of Physical Slots

Similarly, we obtain the solution of the problem of stress concentration in a stretched quasiorthotropic plane
with periodic system of physical slots of length 2/ (whose contours form two parallel segments connected by
semicircles of radius p) (Fig. 4).
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We represent the parametric equation of the contour L doubly symmetric about the Ox- and Oy-axes in
the following form:

0o (&), OS§<E,
2
—0(—5), gs&< .
t=1oE) =1 (12)

—wo(§—mn), nsé’;<37n,

— 3
0(2n-8), > <&<2m,
where the function ®( () describes a part of the contour L lying in the fourth quarter of the coordinate system

1—€+¢(cos ¢ —isin ct), 0S§<2£,
c
(&) =

T TC T
ec| ——& |-ie, —<E<>Z.
C(z &j : 2 <655

The SCF at the tips of a two-sided U-shaped notch in the case where the relative distances between the slots
tend to zero are obtained with the help of the limit transition (Fig. 3b).
The values of the SCF k; at the tip of the two-sided U-notch in the quasiorthotropic plane are quite close to

the values obtained for the two-sided parabolic notch in the case where 0.01 <y <1 (see Fig. 3).

System of Rhombic Holes

Consider the problem of the stress concentration at rounded (by arcs of radius p) vertices of thombic holes

periodically distributed in a stretched quasiorthotropic plane. Assume that the internal corners of a rhomb with
vertices on the Ox-axis are equal to 2B (0 <2B <m), 2/ is the projection of the contour of the hole L onto

the Ox-axis, and 2a is the distance between the vertices of the neighboring holes.

According to the values of SCF for the rounded vertices, we can find the SIF at the corresponding sharp
vertices of the holes [10]

~ 1 .
KY = — lim [2np) 641, (13)
RI p—0

where Ry is the coefficient of influence of rounding of the notch on the stresses acting at the tip of a sharp
angular notch [10, 19] and A; is the singularity exponent of the stresses. For the quasiorthotropic material,
we find [10]

Ap = 1.247 cos B —1.312 cos® P+ 0.8532 cos’ p—0.2882 cos* B,



664 M. P.SAVRUK, A.KAZBERUK, AND A.B.CHORNEN’KYI

0.01 0.1 2ald

Fig. 5. Dependence of the dimensionless SIF FIV at sharp vertices of square holes on the relative distance between them 2a/d .

where

B=mn-PBi(ax), Pi(a)=mn+arctan(ytanar), o = 7n—p.

By using this method, we establish dependences of the dimensionless SIF I:"IV =K IV /(p(ml )M) at the sharp
vertices of the square holes (23 = m/2) on the relative distance between these holes (Fig. 5).

Unlike the SCF at the rounded tips of the notches (see Fig. 3), the values of the SIF for the sharp vertices of

the square holes (Fig. 5) in the quasiorthotropic plane are higher in the case where this plane is stretched along
the axis of orthotropy for which <y > 1. This conclusion follows from the definition of the SIF (13) if the de-

pendence of the coefficient R; on the orthotropy parameter y is taken into account [10].

CONCLUSIONS

We study the plane periodic problem for a quasiorthotropic plane with infinite series of closely located cur-
vilinear holes (physical slots, elliptic and rhombic holes). We determine the SIF and SCF at the sharp and
rounded vertices of the holes in the quasiorthotropic plane in uniaxial tension. By the limit transition, in the case
where the holes approach each other, we obtain the SIF and SCF near the sharp and rounded vertices of two-
sided notches in the quasiorthotropic plane. The influence of the main orthotropy parameter on the stressed state
of the quasiorthotropic plane with symmetric holes and notches is investigated.
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