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ELECTRODE POTENTIAL ON THE BOUNDARY OF A MEDIUM IN AN ELLIPTIC
NOTCH MADE IN A STRESSED CONDUCTING BODY

V. H. Horopats’kyi and M. H. Stashchuk UDC 539.3:620.1

We determine the dependences of the distribution of the electrode potential along the contour of a medi-
um-filled elliptic defect in a stressed conducting body on the physical and chemical characteristics of the
material and medium and the relations between the geometric parameters of the defect. We also indicate
the points of separation of the anode and cathode zones on the contour of the defect.

The analytic description of corrosion processes in electrically conducting bodies deformed in electrochemically
active media with due account not only of the Coulomb fields but also of the field of electric potential is a necessary
condition for the investigation of physical aspects of corrosive fracture of materials and the analysis of the parame-
ters of formation of their corrosion crack resistance [1-3].

It was experimentally established that electrochemical processes running with different activity near curvilinear
notches are accompanied by the localization of the zones of intense dissolution of the metal in the most stressed
places, by an increase in the difference between the electrode potentials of the anode and cathode regions, and,
hence, by the intensification of corrosion [1].

By using the well-known method developed in [4, 5] and applied in [6—8], we construct the solution of the
problem of distribution of electric potential along the contour of an elliptic defect in a stressed conducting body and
determine the behavior of the potential in the analyzed metal-medium system.

Statement of the Problem and Basic Relations

We consider a two-dimensional problem for an elastic isotropic conducting body with density p,, and specific
capacitance C,, containing a medium-filled elliptic (circular) notch. The body is subjected to the action of loads

with intensity p directed along the minor semiaxis of the ellipse. On the boundary of contact between the body and
the medium, we observe the formation of a double electric layer responsible for the appearance of the electrode po-
tential between the metal and the medium (Fig. 1) [9].

We now write basic relations for the electric potentials in the body, double electric layer, and medium. We ne-
glect the effects of polarization and magnetization of the body and, according to the linear thermodynamics of irre-
versible processes, use the hypothesis of local equilibrium. This enables us to determine the distribution of electric
potential in the body by using the equation [10]

V20, = X20n + BKegey'. (1)

According to the Debye—Hiickel theory of solutions, the equations for the distributions of electric potentials in
the double electric layer and medium have the form [9, 11]

Ve = Xme®me and Vg, = xlo, )

respectively. Here, V? is the Laplace operator, ¢,,, ¢,,, and @, are the potentials of the metal, double electric
layer, and medium, respectively, B is the electrostriction coefficient, K is the bulk modulus, €5 is a dilatation (re-
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lative cubic expansion), €, is the electric constant, and % ,,, %, and X . are constants of the metal, double
electric layer, and medium, respectively, computed according to the following formulas [9-11]:

bt tto ®

m mc 0

MW‘

Voo

Fig. 1. Schematic diagrams of the problem in the physical plane z and auxiliary plane { (m is the metal, mc is the double electric layer,
and c is the medium).
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where €,. and €, are the relative electric permittivities of the double electric layer and medium, respectively, ez;
is the charge ions of the ith sort, n is their number, and 7 is absolute temperature.

We specify boundary conditions of the problem by using the requirements of continuity of the normal compo-
nents of currents on the line of contact of electrically conducting phases and continuity of the electric potentials in
these phases [12—14]. Thus, on the line of contact of the metal with the double electric layer, we can write

o (pl’l‘l = (me'

" on " o

At the same time, on the line of contact of the double electric layer with the medium, we have

oL} op
. He = o, £, me = Qe 4
Gmc an G(, an (P (p ( )

where G,,, 6, and G, are the conductivities of the metal, double electric layer, and medium, respectively, and

d/0dn is the derivative along the normal to the contact line.

Solution of the Problem

We solve the problem of distribution of electric potentials inside and near the elliptic hole by using the confor-
mal mapping of a disk onto an ellipse accompanied by the corresponding changes in the boundary conditions [15,
16]. We consider an ellipse with semiaxes a and b in the complex plane z = z(x, y) and a disk of radius r = r,
in the plane ¢ = ¢(r, 0) (Fig. 1) and introduce a mapping
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z=m() = R(f+nzo), z=x+1y, g=reie, (®)]
0

where

R =05(a+b), 0<m=(a-b)a+b)' < 1. (6)

In the two-dimensional problem of the theory of elasticity, the dilatation €5 is computed as follows:

gc = 2(1+V)[3K(1 +4W)] (g, +8,) = 4(1+v)[3K(1+4v)]‘1 |:‘P:(‘5)+(P’(€)]
o) Q)

where €; and €, are the components of the first invariant of the strain tensor and, according to the data presented
in [15] and relation (5), we have

0(c) = 0.25pR[g + r0(2+’”)]
Ty S

for the case of uniaxial tension of a plate with elliptic hole in the direction normal to the x-axis.
Therefore, in relation (1), we get

2(1+ v)p - mzr(;1 — 2mr61 + 2r2r02 c0s20

° 7 3K(1+4v) = 2mrtig cos20 + mPr)

(7

where Vv is Poisson’s ratio.
The region lying outside the circle of radius

Ty = I ;‘a—b
2 0\3‘a+b

is mapped onto the region lying outside the interfocal segment AB = k —\ a® - b’ , \ a® - b | Hence, in order

that the transition to a circular notch be correct, one must impose an additional boundary condition of continuity of
the electric field in the interfocal segment of the ellipse, i.e,

E" =E, ®)

where ET and E~ are the electric-field intensities on approaching the boundary from the upper and lower half
planes, respectively.
In a polar coordinate system introduced, for the case of a circular notch (m = 0), by the formulas

X = Rrro_lcose and y = Rrro_lsine, 9)

the solution of equations (1), (2) can be represented via modified cylindrical functions [, (-) and K;(-) [17] by tak-
ing into account the symmetry conditions: @(r, 0) = @(r,—0) and ¢@(r,0) = ¢(r, T — 0), the properties of these
functions, and the boundary conditions.

If we assume that the radius of the defect r, is such that
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min (ero’ Xmd1» Xcrl) > 2’ (10)
where

o= (b= A+ a =26k + W) (a+ b)),

and A is the width of the double electric layer, then we can represent the solutions obtained for a circular defect in
the asymptotic form {this is possible in view of condition (10) from [17]}, pass to the elliptic coordinates introduced
by relation (5):

X = R(r ro)cose and y = R(r mro)sme (11)
To

r ) r

and perform the required changes in the boundary conditions. As a result, we obtain the following formulas for the
electric potentials in the analyzed metal-medium system:

(r +m? ”0 )cos26 + 2mr2r02

Y omrt cosZG + mzro4

QO.(r.0) = agly(x.R.) + a5 (¥ R.)

= 20 [Ry xe(Ri-R)
Xm\ RC

2

A 2(\ Am _ 2 )(r“ +m? )cosze + 2mr2 i
Ve e RodAme ) ¥ +2mr? g cos20 + m ré
SmcXme — Om\NKXmXe Ve  OmNXAm

X (12)

(r, <r<ry),

(Pmc(r’ e) = a(r)ncIO(XmL nlL) + b CKZ(XmL Wl(,)

}’22
24

)] (r +m? ro )cos26 +2m

+ [aénCIZ(chRmc) + bé”CKz(chRmc + Zm}" COS 20+ m

\ RRO {\ Xm ( er(Rmr Ry) ech(Rmc_R])) _ GC\XmXC (e_ch(Rm(:_Rl) _ eer(Rmc_Rl))

o
2
m Y XC Gchmc

+ 2[(\/an _ 2 )(eer(Rmch) + e%mc(Rmchl))
Ve R()\XmXc

{ 4 2 4 2.2
+ ( 266‘ \/XC _ GC \XmXc ](e_ch(Rmc_Rl) + ech(RmC_Rl)) (r +m r() )COS29 + 2mr 7"0
S Xome N Xom Ro O mcXme r* 4 2mrPry c0s20 + m*ry

% [(Gc\XmXc + O mcXme )(e_anc}b _ ech’“) (\/Xm o \/Xc )(e ek +ech7"):|_1
Sucdme  Om\ AmXe Ve Om\m



ELECTRODE POTENTIAL ON THE BOUNDARY OF A MEDIUM IN AN ELLIPTIC NOTCH MADE IN A STRESSED CONDUCTING BODY 735

o ““‘ R() e_XmL'(Rmc_Rl) _ ech(Rmc_Rl)

2m[3 +m+3m*> +m>+ (m+1)(m*>—=1) cos26

Xi \‘“‘ Rmc e_XmL}\' _ ech}"
22 +m+m?)cos?20](1 + 2m® + m* — 4mP cos?20)"  (r; S r<ry), (13)
r* + m2r04)cos 20 + 2mr2r02

(pm(r’ e) = a6nK0(XmRm) + aEnKZ(XmRm) 2 4

ot 2mr2r02 cos20 + m°K

o - mzr(;L - 2mr6L + 2r2r02 cos20

xi rt - 2mr2r02 cos20 + mzr(;1

i \‘“& exm(R() - Rm) { Gchmc (e_chk _ eXmL}") _ GC XC (e_ch)\' + eXm(}")

xa VR, G i X G i\ Aom

+ 2|:( Gm?ch + zcc\Xc )(e_ch}\’ _ echk)
CuvAmXe  OmeNAm chRO

3 ( 2 + Go\Xe )(e_x”“')” + ech}“)](rA’ + mzr(;t)cos29 + 2mr2r02
Ro\YAmXe ~ OmAXom g 2mr2r02 c0s20 + m2r6l

-1

% [(Gc\/XmXc + Gmf%mc )(e_Xme}L _exm(?») _ (\Xm + Gc\/Xc )(6—)(”,(-7L +ech7‘):|
SmcXme  Sm\ AmXe e Sm\Am

o rt- m2r04 - 2mr04 + 2rzr02 cos20

Xi; - 2mr2r02 cos20 + mzr(;‘

(r > ry). (14)

The deviation of the electrode potential A¢ from the standard chemical potential A¢@, along the contour of
the defect is given by the formula

AQ — A@y = ¢,(r,0) — ¢.(r,0) = ag' Koy(XmRo) — aglo(XcR)

+

ay Ky (3, Ro)[(1 + m?)cos20 + 2m](1 + 2mcos20 + m?)

4 2 4 2.2
Ly R)(rl + m-ry )cos20 + 2mn
22T A, 22 20 2,4

i mn ry Cos +mr0

002 (1 — m® — 2m + 2 c0s20)(1 — 2m cos20 + m?)”!

= % { Gchmc (€7ch7‘ _ ech}‘) _ GC\XC (67){«!716}\‘ + eer}’)
Aom L O Xme i Xom

+ 2|:( Gmf%mc + ZGC\SXC )(e—ch)« _ echx)
O EmXe  OmeXm XmeRo
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Fig. 2. Variation of the electrode potentials along the boundary of the medium-filled elliptic defect in stressed copper (a) and steel (b)
plates (A@ — A@, is the deviation of the electrode potential A@ from the standard potential A, 0 is a polar angle, (l) m = 0,

(@) m=0.5, (A)m=0.7, and (=) m = 0.9).

~ 2 O (e 4 ety [0 m>)cos20 + 2m
RoAmXe O~ Am 1+ 2mcos20 + m>

_2 RO|:\Xm +2(\Xm _ 2 )(ﬁ4+m2ré)00529+2mr12r02:|}
VR L VAe  RoImde ) 1t +2miirg cos20 + m’ry

X

-1
[(Gc\XmXc " Gmf?ch ](e—XmJ» _ echk) _ (\Xm n GCN3XC )(e—xmck " echk):|
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—m2 _
o l-m 2m+200s29‘ (15)

- an 1 - 2mcos20 + m?

In relations (12)—(15), we denote

Ry = R\/l +2mcos20 +m?, R, = R(rlro)_1 \55;’14 + 2mr12r02 c0s20 + mzr; ,
R, = R(rro)_l\§r4 + 2mr2r02 c0s20 + m2r61 (rzry),
(16)
R, = R(rro)_l\fr4 + 2mr2r02 co0s20 + er(;1 (r; £ r<ry),
R, = R(rro)_l\§r4 + 2mr2r02 c0s20 + m2r6l (rpy<r<ry), o = 2B+ Vip .
3eo( + 4v)

For the numerical evaluation of the electrode potentials, we used the following values of the parameters [10, 18,
19] (Fig. 2): p = 235MPa, p,, = 8940kg/m> C,, = 1.05kC/(kg: V), p = —0.131 mV~!, andv =0.35 in the cop-
per plate, p = 689 MPa, p,, = 7700 kg/m> C,, = 1.0kC/(kg-V), p = —1.0mV~!, and v = 0.28 in the steel plate,
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and p,. = 1300 kg/m3, C.=10kC/(kg:V), A = 1nm, and 6/0,, = 10-% in the medium. We also used the fol-
lowing formulas: ¥,,.= 0.5(),, +X.) and G,,.= G,-107.

Separation of the Anode and Cathode Regions on the Contour of the Defect

Under loading, electric charges are nonuniformly distributed over the surface of a defect filled with an electro-
chemically active medium, which may noticeably affect the kinetics of corrosion processes. Thus, by using expres-
sion (15), we determine the angles 0 for which the quantity A — A@, changes its sign.

We denote

d = (GC \//XmXc + Gchmc )(e_chk _ eXmL]") (N Xm 4+ —cVAC )(e Xma)" + eXmLA’)
Gchmc Gm\XmXc Y Xc m\/Xm

Yo = 1[ chmc ( ~Xmeh _echk) _ c\Xc (e ~Xmeh +eXm<7‘) _ RO \Xm:l

(RN, XmXc m\Xm \ Rl VXe
(17)
Y = 2|:( Gm?ch + 26c\/Xc ) —Xmeh Xnu )_( 32 _ GC\XC )(e—ch}L +€chx):|’
d L\ TmXe  OmeTom Xme Ro Ro\AmXe  Om\Xm

_— Ro( 2 mm) 5
d\ RO\XmXc \/Xc ’,12

Equating expression (15) to zero, we obtain

(1 + m*)cos20 + 2m (A + m*8%)cos26 + 2md

+ +
To ™7 1 + 2mcos20 + m> 2 1 + 2m8cos20 + m>8>

— (1 =m®=2m+ 2c0s20)(1 — 2m cos20 + m2)~! = 0. (18)
For a circular notch (m = 0), equation (18) implies that
0 = +0.5arccos (1 — )7y + V2 — 2"+ 180°k  (k=0,1). (19)
For m # 0, the roots of equation (18) admit the following representation:
0 = x0.5arccos (3%/2613)_1 {[9a1a2ag 27a0a3 - 2a2 + (108a0a2a3 + 108a1 a3 486a0ala2a§

- 27ata3a3 + 729a3a3)"' 13 — [Oayayay — 27agai — 2a3 — (108agaza; + 108aia;
— 486agmaya; — 2Tajaza; + 729a3ay)"* 13 — 24, } + 180°k (k= 0, 1), (20)

where

ag = Yo(1+m2)2(1+m2&*) + 2yym+m? +2m—1)(1 + m?)(1 + m28?) + 2y, m(1 + m?)?3,
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Fig. 3. Distribution of electric charges over the contour of the elliptic defect (m = 0.3).
a; = =2yom(1 +m?)28 — ¥, (1 + m?)*(1 + m*&)
— Ay m2(3+ m28 -1 -m&) — (1 + m?)2(1 + m2?)
—2m& (1 +m2)(m2 +2m—1) = 2m(1 + m2&)(m2 +2m 1) + 2(1 + m®)(1 + m2&), (21
ay = 2m[2yym(1 +m28) — v (1 +m2)28 + v, (1 +m?)(1 + m2&*) + 4m(y; +7,)0
—2md(m*+2m—1) + 2(1 +m?) & + 2(1 + m28)],

ay = 4m? [2yymd + v, (1 +m?)d + 1, (1 +m2§%) + 28].

For the angles specified by expression (20), the anode zone on the surface of the defect turns into the cathode
zone (Fig. 3).

CONCLUSIONS

Mechanical stresses affect the concentration of electric charges and their sign. Therefore, on the boundary of
the anode and cathode zones on the surface of the defect, the electrochemical interaction of the body with the ambi-
ent medium is intensified. The comparison of the electrode potentials for circular and elliptic notches shows that the
electromotive force of corrosive currents caused by mechanical tensile loads is more dangerous for stretched elliptic
cavities.

The fact that the electrode potential in the vicinity of an elliptic defect in the steel specimen is much (by an or-
der of magnitude) higher than in the copper specimen well agrees with the results presented in [4] for a circular
stress concentrator.

As the ratio of the minor semiaxis of the ellipse to its major semiaxis decreases, the point where the electrode
potential changes its sign shifts toward the vertex of the ellipse. Thus, for the copper specimen with m = 0.5, the
angle of transition from the anode zone on the surface of the defect to the cathode zone is close to 30°. At the same
time, for m = 0.9, this angle is approximately equal to 11°.
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As the ellipse shrinks into a cut (» — 0) and 8 — 0, the quantity A@ — A@, is an infinitely increasing func-

tion of the load p. This is explained by the fact that, according to the Griffith model, the dilatation of the material
and, hence, the electrode potential become infinite at the tip of this notch (crack). Thus, in the computational mo-
dels of actual cracks, it is necessary to take into account the plasticity of the prefracture zone, which is possible, e.g.,
within the framework of the Leonov—Panasyuk model.
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