(3.6) through (3.8). When k, = kz, so that the vertical components of the velocity are equal
at the two ends of the cylinder, (3.8) reduces to (3.6) or (3.7). The velocity fields (3.6),
(3.7), (3.8) are realized when the geometry of the cylinder is such that |BC|/|BB'| = 2.

The flow velocity fields given above are to be understood as initial fields which will
persist only during a small time interval.

Finally we point out that (2.4) through (2.10) can also be used in the solution of other
problems; in particular (2.10) |t, < 1 can be used in the case of a half-space (Fig. 1) where
the vertical component of the velocity is given along a portion of the paraboloa [t]| < I (the
imprint of a parabolic punch). Relation (2.6) can be used to construct the velocity field in
a circular cylinder differing from that comsidered above.
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TWO CONTACT PROBLEMS OF THE THEORY OF ELASTICITY FOR A
LAYER WITH A WINKLER-TYPE COATING

V. M. Aleksandrov, E. V. Kovalenko, UDC 539.3
and S. M. Marchenko

A solution is presented for two contact problems of the theory of elasticity for a layer
reinforced over its top boundary with a Winkler~type coating. A study is made of the two-
dimensional problem, being the dynamic analog of the problem investigated in [4]. Here, we
assume that inertial effects in the elastic band can be ignored compared to those in the
coating. We will study an axisymmetric static problem. The principle of coincidence of the
kernels of the integral equations of the two-dimensional and axisymmetric problems will be
used to obtain an integral equation in the contact pressures. The unambiguous solvability
of the latter is established in certain function spaces with any values of the characteristic
geometric and physical parameters of the problem. An efficient approximate solution is also
constructed.

I. We are examining an elastic band of considerable thickness H lying on a rigid base.
The top boundary of the band is covered by a thin layer of continuously distributed vertical
elastic rods (0<Cy<Ch). We will assume that a rigid die of width 2z and having a flat base
(Fig. 1) is pressed without friction into the surface of the top layer by a force P(t) =
Po + P, exp (iwt). Due to the linearity of the problem being examined, its solution can be
constructed as the superposition of the solution with P(t) = P, = const obtained in [4] and
the solution with P(t) = P, exp (iwt), which will be constructed in the present article.

The rod layer will be described by the following equations in the case of plane strain
u=07 U=U(y,l)y ex=0’ ‘ny:O; Uy-’:Rsya
R == 26, (1 —v) (1—2v)7, 0p =v;(1 —v) 7 0y, T4y =0, (1.1
1 o 0% ., R

§E2$?==7iﬁ, : 01

where G, and v, are the mechanical characteristics of the material of the coating and p; is
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its demsity; u and v are displacements of points of the rods along the y and x axes, respec-
tively. From (1.1) we find that

v i
I o
U=—E,SS5ﬁ—dﬂd§+A1y+An- (1.2)
L)
Here, Af = Aj(t) (i = 1, 2) are certain arbitrary functions.

Taking into consideration the boundary conditions of the following auxiliary problem
Rv,=—q (y=0% Ryy=—p (y=h),
where p(x, t) is the load acting on the upper boundary of the rod layer; q(x, t) is the reac-

tion load acting on the lower boundary from the direction of the elastic band; and taking
into consideration as well the condition of contact of the layers

=—0* (y=0),

where v* is the displacement of the upper boundary of the elastic band along the y axis, we
obtain

vt
1 02
vy ) = e H‘-g,%dndi — yq —v%;

00

ot
k (1.3)

la%
P=4’*9157§t—2‘dy~
§

We will satisfy the condition of contact between the die and the surface of the rod
layer by means of (1.3)

v=—8() (y=h |¥|<a)

where 8(t) is the vertical displacement of the die under the influence of the force applied

to it P(t). Here, we obtain
h

h (% e—ndy  (x1<a). (1.4)

§() = —— *__
) plleq+v e
0

Retaining the inertial term in the Eq. (1.1) for the coating, we will ignore dynamic
effects in the elastic band. This can be done if P; € Po,. In this case, the dynamic effects
will be localized in the coating if we consider that the actual structure is viscoelastic
(we ignore this low viscosity in the present examination). We will have the following expres-
sion for v* [1]:

a
1 ' [E—x]|
] .
v (x:’)—-;g'SQ('g,t)[-'-lﬂ—*H—— +ao]d§ (x1<a); (1.5)
~a
0 = 4G, (1 — vy) (3 — 4vy)
Here, G2 and vz are the elastic constants of the band; @, is a constant whose value is re-
lated to the boundary conditions on the lower boundary of the band. For example, in the case

where the band lies without friction on a rigid base, ae = —0.352. 1In the case of rigid
fastening @o = —0.527 with v, = 0.3,
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Inserting (1.5) into (1.6), we calculate the integral equation of the problem for a
two—layer base

a 14
h 1 — 1
6(t)=_plpzq(x't)+?‘_6- q(E.t)[—- In 15 Hxl +a,,]d§ T S‘(h—-—y)v"(x,y, Hdy  {x]<<a). (1.5)
~a o

Also, the equation of motion of the die, of mass M, must be satisfied
a
{plr.dx =P — M8 (. (1.7)
—a

We will assume that the displacements of points of the rod layer change little through the
thickness. Then we can write

v g )~ — (1 — yh ™) o* (v, ) — S(H i,

from which, by integration, we obtain
a

¢ h o
\ v @y — 5 % (0 + S O

L%
-

(1.8

J ' hz g2
j(h—-y)v“(x,y, Dy — 2 Tt (e, 4+ 5 (1

Allowing for (1.8), we change (1.6) and (1.7) to the form

e+ oy Hq@,n+ 30" t)][—ln le—*| +ao] & = 8(0)— RO 8 @) (xl<<a) (1.9)

»
-

la

P = Saq(x,t)dx-;- M8 () + p1ahd” (1) +91§Z—9 ( Sq"‘(&t)[——in LE—;—QnLao]dde% (1.10)

Limiting ourselves to examination of the regime of harmonic vibration of the die, we
represent the functions q(x, t) and 8(t), entering into Eqs. (1.9) and (1.10), in the form

g(x,?) = g* (x) exp (ied); & (f) = 8* exp (iwt). (1.11)

Inserting (1.11) into (1.9) and (1.10) and separating the variables in these equations,
we obtain an integral equation and the condition of motion of the die in amplitudes of the
contact stress and the indenting force on the die. In dimensionless variables and with
allowance for the notation

s=ax, t=df, ¢* (16 = o(x),
2
c=c*(1—Q, B=1yc* 1 + %’) b = 3n—1Q%*,

¢* = pyan? (h0) ™, @ = (A, Q= Py(a0)™";
@ =N —b[ny + (g + InA 4+ ) N]— Moy~

1
y==8a", N= (o@)dx', h=Ha™!
—1

we will have (primes omitted)

q>(x)+% \ﬁ(&)[—ln-‘g—;’fl+ao]d§:ﬁ (x|t (1.12)
-1
b
Q=a+7\mﬂm+@mu+@+uﬂnma—@w& (1.13)

o
-1

Equations (1.12) and (i.13) can be solved by a method such as that in [4]. However, in
contrast to the integral equation in [4], the present equation, when w > ¥3ph~!, may be a
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denumerable set of positive characteristic numbers c¢p which corresponds to a system of eigen-
functions { p(x)}. This system is orthogonal and complete in the space of quadratically sum-
mable functions [5].

We will seek a solution to integral equation (1.12) in the form

P(x) = i a4, Pn (x)'- (1.14)

n=|

Expanding the function m™'[~In|g — x| + 1n X + ao] into a biocorthogonal series

oo

) T AL N (1.15)

n=1
with allowance for the representation

© 1
B= b,0n(x); b,=B Scpn(x)dx, (1.16)
n==] —1

as well as the insertion of (1.14)-(1.16) into (1.12), we obtain
an = bpey (c+ )7 (1.17)

Series (1.14)=(1,16) reduce to their corresponding functions in the mean square space.
It follows from (1.13), (1.14), and (1.17) that when —c - cn (n = 1, 2) and with a prescribed
force behind the die, the indentation under it will increase without limit, i.e. resonance
will occur in this case.

It should be noted that the method in [5] can be used to find the eigenfunctions of
integral operator (1.12) with a logarithmic kernel. We will not discuss this further here.

Let us illustrate the proposed algorithm numerically. We set go = —0.352; M= 0; c* =
13 A = 16, Figure 2 shows the relationship between the values of o(x)Y~! and x calculated
with @* = 0, 0.1, and 0.3 (curves 1, 2, and 3, respectively). For these values of 0 we have
Qy~' = 0.657, 0.624, and 0.358. To obtain 27 accuracy in the result, only the first four
equations of system (2.8) in [5] should be used.

2. Let us examine an axisymmetric analog of the problem studied in [4]. To write its
integral equation, we will use the following correspondence principle [1]. If we know the
kernel of the integral equation of a two-dimensional contact problem of elasticity theory,

represented in one of the forms

0o o0

k(z)=-:?§L(u)u—lcosuzdu <z=g—];x); s(z)=—3;§L(u)sinuzdu,
; 0

7

then the kernel of the integral equation of the corresponding axisymmetric problem has the
form

L=

KE 2= 71_1— } L@ Jo(wz)Jo @t dy; E=pH™, z=rH", (2.1)
0
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while the function L({u) is given by the expressions [1]
ch2u—1 _ 2wsh2u—4u
L(u)=sh2u+2u » L= 2nch2u -+ 1+ %2+ 4du?

respectively for the cases when the bottom layer (the band) lies without friction on a rigid
base and when it is fastened to the base.

(% = 3— 4v,)

Thus, introducing the dimensionless wvariables and notation in accordance with the for-
mulas

p=ap’, r=ar', h=Ha™, ¢(r')=q(n)67, Q=P
Fir') = 8(r)(26)™", ¢ = a2 (kOH) ™, k= (1 —2v)h(2G, (1 —v))™",
where 8(r) is a function describing the form of the base of the die, we will have (primes

omitted henceforth)
i

q>(r)+c§pq>(p)1<(-,ﬂ’—, Flo=r0 O<r<n. (2.2)
; |

Axisymmetric contact problems for rough elastic bodies [6] are reduced to the same inte-
gral equation.

The following static condition must be added to Eq. (2.2)

1
Q:QnS‘rcp(r)dr, (2.3)
¢

expressing the equilibrium of the die on the surface of the coating.

Let us investigate the properties of the kernel K(z, &) (2.1). At all 0<z< o0, 0
©, we will have the following representation for K(z, £)

2 2VE
K 2, == ( )""‘F v <)y
©Y=rerpfizer) 76
where K(e} is a complete elliptic integral of the first kind and F(£, z) is a function which
is continuous with all derivatives with respect to the set of all variables &, z in the
circle 0CE?422<CR?<Co, Allowing for this, we can derive the lemma.

A
A

Lemma 1. The integral operator
1
/ r
B¢=jp¢(p)K(—%,T)df»
0
acts on L2(R) in L2(Q) continuously, where Q is a circle r<{!. Thus, integral equation (2.2)
is a Fredholm equation of the second kind. Then it follows from the general theory of such
integral equations [3] that (2.2) is unambiguously solvable in L,(Q) with nearly all values
of the parameters c, A& (0, «) if f(r)&L.(Q). If £(r)EC(Q), then @(r)e=C(Q) also and, by
virtuve of the uniqueness of the solution of Eq. (2.2), it can be proven that a solution of
the integral equation belonging to C(Q) is at the same time a solution of this equation in
L2(Q), and vice versa, Theorem ! follows from this.,

Theorem 1. If f{(r)&C(R), then a solution of integral equation (2.2) exists in the
space Lz(22) (or C(Q)) and is unique for any values of the parameters c, A& (0, «).

For proof, allowing for the fact that ¢(r) = 0 at r > |, we perform a scalar multipli-
cation of (2.2) by re(r)=C(R). We obtain

1 L 1
[ro*()dr+e{ @ W) L@wdu = rf (o) ar (2.4)
0 0 ]

1

® () = j'np(r) Jo(u %}dr. (2.5)

9
Equation (2.4) can be written by virtue of the asymptotic formulas
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L(u) = Au 40 (u®) (u—0); L) =1+ 0% (1 — co);
A=05 A=4x—1)(x+ 13

and the estimates
D (u) = 0 (u=3%7? (4~ o),

obtained from (2.5) using the integral [2]
1

1
S rdq(ar)ydr = EJI (a).
0

If £(z) =0, T€Q, then P(r) = 0 0<r<<), since L(u) > 0 (0 <u < »), and the theorem is
. proven,

Let us proceed to the construction of an approximate solution of integral equation (2.2).
For this, we represent the function @(r) in the form of the following series in a system of
polynomials orthonormalized on the interval [0, 1] with the weight r:

-
. . 1
00 = Y anPs 0 Pro)=2 |/ mt g o121, (2.6)

m=0

Here, Pp(x) are Legendre polynomials.

In accordance with Theorem 1, series (2.6) converges in the norm of the space L2(®), and
{ap}E1l. by virtue of Parseval's equation [3] (I, is the complete space of quadratically sum-
mable sequences). We expand the kernel K(pi~*', rA~') and the function f(r) into double and
single series, respectively, in the above system of polynomials. We will have

K(% )= i icﬁm P;,(0) Py, () (2.7)

=0 j=0

oo

17 (M) = RiiRJ'(id;
¢y () (5L(u) (x) x)u

R, () = (rJo(r2) Py (r dr:

0

o 1
FO) =3 Py (1) Fm= (rf () P (0 dr. (2.8)
m=0 0

Using the properties of K(pA™*, rA\™') indicated above and the limitations placed on the func-
tion f£(r) in Theorem I, we can conclude that series (2.7), (2.8) converge in the norm of the
space L2(f2) and that the sequences of their coefficients belong to the space la, i.e.
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TABLE |

A | oo (M) l ot (A oz (M) ¢y (A) ’ cg (A) I 49 ()
| ‘ ‘
2 2,1574 0,1848 —0,0221 1,4353 0,1047 1,2568
4 3,8228 0,3898 —0,0448 1,8712 ! 0,2108 1,5130
© o @
. (2.9
. 220?1.<oo, > fE<< o0, )
i=0 j=0 i=)

It can be proven that with large X
€5 (M) ~ O (A2,

Lemma 2. If the function f(r)&:C(R), then any solution ¢ {r) of Eq. (2.2) from the class
C(R) corresponds to a sequence of numbers {apy} from the class 1., satisfying an infinite
system of linear algebraic equations

=03 Cun M an+ [ (m=20,1,..). (2.10)
n=0
Conversely, if the function f(x)EC(Q), then any solution {ap} from the class [» of system
(2.10) corresponds to a solution @{r)eC(Q) of Eq. (2.2) of type (2.6).

To prove this, with allowance for Theorem 1, we insert the functions ®(r), f(r), K(pr™?,
rA~!) in the form (2.6)-(2.8) into Eq. (2.2). We obtain a relation whose left and right parts
consist of series in Legendre polynomials. Equating the coefficients in both parts with poly-
nomials of the same number, we obtain infinite system (2.10).

Now let the sequence {ap} be the solution of infinite algebraic system (2.10) and belong
to l,. Then series (2.6) comverges in the norm of the space L,(Q) at 0<r<{l to a certain
function ¢ (r) (here, the Parseval equation should be kept in mind [3]). By an inverse trans-
formation of infinite system (2.10) to integral equation (2.2), it can be made certain that
function @(r)& Ly;(Q) is a solution of (2.2). Then, by virtue of the considerations pre-
sented above, @(r)eC(Q) and the lemma is proven,

Theorem 2. If the function £(r)&C(9), then an operator consisting of the right part of
(2.10) operates from the space [, into 7, continuously with all values of the parameters c,
A (0, ). System (2.10) is unambiguously solwvable in Z,.

The first proof of the theorem follows directly from (2.9). Then Hilbert's alternative
on the solvability of infinite systems [3] is applicable to system (2.10). Since a solution
of integral equation (2.2) corresponding to infinite system (2.10) exists and is unique in
the space C(Q), then by virtue of the lemma there exists a unique nontrivial solution of
system (2,10) belonging to the space l,. This solution can be found with any degree of accu-
racyeither by the method of reduction or by the method of successive approximations.

Let us illustrate the above with a numerical example concerning a problem of the inden-
tation of the surface of a layer, lying without friction on a rigid base and having its top
boundary reinforced by a rod layer, by a rigid die with a flat base (§(r) = 8 = const) of
radius a exerting a force P. We will set ¢ = 1 in (2.2). Table 1 shows values of the coef-
ficients of the expansion cij(}) with A = 2 and 4. Figure 3 shows the distributions of the
contact stresses (A =2 — (1), 2 = 4 — (2)). Here, the quantity Qf"' = m2a0 is equal to
1.473 and 0.841 with A = 2,4, The error of the results shown does not exceed 3%. Here, it
was sufficient to take no more than three equations in abbreviated system (2.10).
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SELF-SIMILAR PROBLEM OF INDENTATION OF A PLANE STAMP
INTO AN ELASTIC HALFSPACE

0. G, Goman UDC 539.3.01

One solves the self-similar problem on the indentation of a wedge-shaped stamp into an
elastic halfspace in the case when the point of contact of the stamp with the free surface
of the halfspace moves with a velocity larger than the velocity of the longitudinal waves.
In the case when the velocity of the indicated point is less than the velocity of the Ray-
leigh waves, the problem has been solved in [1].

1. Formulation of the Problem. Assume that a rigid infinitely long wedge with semi-
opening angle B, close to /2, is indented into an elastic halfspace with a constant velocity
D and assume that the velocity of the displacement of the point of contact with the free sur-
face of the halfspace is ¢ = D tan B > a, where g is the velocity of the longitudinal waves.
One assumes that the halfspace is under the conditions of plane strain and that outside the
contact area, the boundary is free of stresses and there is no friction between the wedge and
the medium. One has null initial conditioms.

We take the equations of the theory of elasticity in the form needed in the sequel:

dv, 1 (Gc, | Oty)\. 11
'3?“3(‘3‘; oy ) (-0
Oty . (Ov, , Ou, 1.2
77“”&E+Eﬂ’ -2

where vx and vy are the velocity components.

We represent each unknown function f as a sum of two components: f' due to the longi-
tudinal waves and f? due to the transversal waves [2]. In this case, for the longitudinal
component we have

rot ot = 0, (1.3)
and for the transversal component we have
dive? = 0. (1.4)

As it is known, the components f' and f*? satisfy, respectively, the equations of the longi-
tudinal waves

o ef 1

T o @ o (1.5)
and of the transversal waves

62f2 62f2 _ l_ a2f2
o Ty T B oE -

The problem under consideration is self-similar and in the self-similar variables %, =
x/at, yo = y/at, Egqs. (1.1) and (1.2) will have the form (the subscripts 0 will be omi tted)

(1.6)

Dnepropetrovsk State University. Translated from Prikladnaya Mekhanika, Vol, 19, No.
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