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1. Introduction

Studies of stress and displacement fields in solids with crack-
like defects play the key role in fracture mechanics. Such defects
include both cracks and sharp V-shaped notches, which in the
frames of linear theory of elasticity originate infinite stresses in
their tips, as well as rounded (blunted) V-notches with small radii
of vertex curvature. In the tips of such notches, even small load
generates finite stresses higher than the ultimate strength of ma-
terial that precludes application of classical criteria for the evalua-
tion of structural members’ ability to withstand an applied load.

The limit transition from a rounded notch to sharp V-notch re-
quires the knowledge of the asymptotic relation between the stress
intensity and the stress concentration factors for the notch which
radius of curvature approaches zero.

This relationship was firstly obtained by Irwin (1958) for
parabolic notches, and thereafter it was frequently encountered in
later publications (Creager and Paris, 1967; Glinka, 1985; Hasebe
and Kutanda, 1978; Neuber, 1977; Sih et al., 1965), also for hy-
perbolic notches by Atzori and Lazzarin (2000); Benthem (1987);
Filippi et al. (2002); Lazzarin and Filippi (2006); Lazzarin and Tovo
(1996); Lazzarin et al. (2011); Nui et al. (1994) and Zappalorto et al.
(2011). The works of Berto and Lazzarin (2014) and Radaj (2014)
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contain an extended overview of previous achievements for
isotropic solids. Only recently the results for blunt notches in
anisotropic bodies have been reported (Chiang, 1994; Zappalorto
and Carraro, 20153, 2015b).

In our investigations (Savruk and Kazberuk, 2006, 2007, 2010)
we have shown that the relationship between stress intensity fac-
tor at sharp notch vertex and the stress concentration factor at
the vertex of rounded V-notch in isotropic body depend not only
on the radius at rounded vertex and the notch opening angle but
the shape of the notch in a certain neighborhood from the ver-
tex as well. The difference between the stress concentration fac-
tor calculated for hyperbolic notch and the V-notch rounded with
circular arc varies depending on the deformation state of an elas-
tic body with V-notch (Savruk and Kazberuk, 2011, 2012a; Savruk
et al., 2012). Thus, our approach adopts the simplest and the most
unambiguous definition of a rounded V-notch: the notch edges are
straight lines connected with circular arc. Comprehensive summary
of the results obtained by applying unified approach to the stress
concentration at the vertices of sharp and rounded V-notches is
comprised in the monograph (Savruk and Kazberuk, 2012b). The
aim of this work is to extend the method to the problems of stress
concentration in the vicinity of sharp and rounded vertices of V-
notches in quasi-orthotropic materials.

The stress distribution in elastic orthotropic sharp wedge has
been already studied by Blinowski and Rogaczewski (2000); Bogy
(1972); Selvarathinam and Pageau (1997); Wu and Chang (1993);
Wu and Liu (2008). We verified and established the eigensolution
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of this problem in the terms of complex potentials and performed
limit transition from generally orthotropic to quasi-orthotropic
material (Savruk and Kazberuk, 2014). In this paper we present
another, direct, approach to the problem of the wedge in quasi-
orthotropic plane.

Using the method of auxiliary complex plane proposed
by Lekhnitskii (1968) (see also Fil'shtinskiy, 1976 and loakimidis
and Theocaris, 1977), Savruk and Chornenkyi (2015, 2014b) re-
duced the problem of the theory of elasticity for quasi-orthotropic
plane with curvilinear cracks to an integral equation. The relation-
ships defining singular integral equation are similar to the case of
isotropic material. Thus, the numerical solutions of the problems
of bodies with cracks, notches and holes can be obtained in ex-
actly the same way as for an isotropic media. The equivalent form
of singular equation was obtained on the way of limit transition
from the equation for anisotropic body (see Savruk and Kazberuk,
2014).

The quasi-isotropic material (Hasebe and Sato, 2013, 2015;
Savruk and Chornenkyi, 2014a, 2014b; Suo, 1990a; Suo et al.,
1991) or degenerate orthotropic material is the special class of
orthotropic materials typified by double roots of its characteristic
equation. This class includes isotropic materials, and various com-
posite materials based on ceramics, fibrous and layered compos-
ites, etc. (Suo et al., 1991). In the literature (i.e. Cho et al., 1992)
these solids are also called pseudo-isotropic, and in the theory
of orthotropic shells — a specially orthotropic (see Erdogan et al.,
1974; Kostenko, 1980; Krenk, 1978; Shevchenko et al., 1998).

Here, using the methods of the theory of complex variable we
present solution to the theory of elasticity problem for plane quasi-
orthotropic wedge under symmetrical load, providing characteristic
equations for singularity exponent at the wedge vertex and formu-
las describing components of singular stress field. Using the singu-
lar integral equation method, we found the solution to the problem
of infinite rounded V-notch in quasi-orthotropic plane subjected to
asymptotic stress field defining notch stress intensity factor (NSIF)
at the vertex of the corresponding sharp notch. On this foundation
the relationship between NSIF for sharp notch and the stress con-
centration factor at the vertex of rounded notch was established.
Relationships of this type have asymptotic character for finite bod-
ies with notches and they can be used to calculate NSIF based on
stress concentration results obtained for notch rounded with small
radius of curvature.

2. General equations of the theory of elasticity of an
quasi-orthotropic medium

The linear relationships between components of the stress ten-
sor ox, Oy, Txy and components of the strain tensor &x, &y, &xy
(generalized Hooke’s law) for plane stress state of an orthotropic
body have the form (Lekhnitskii, 1968):

&x = 110y + U120y, &y = A120x + U0y, 2Exy = e Txy, (1)

The axes x and y are parallel to the principal axes of orthotropy,
and

a—la——a—la——M
ll—Exy 22—Ey: 66—Gy 122 = Ex.

where

Ex=E,. E,=E, (orrespectively Ex=E,, E,=E;),

are Young's moduli for directions x and y;

E;
Vxy = V12, Vxy = V21 = leF
1

are Poisson’s ratios;

G =G12 = Gy = Gy =Gy

is a shear modulus.
In the case of plane strain, the elastic constants a; in Hooke’s
law (1) are substituted by:

a a;30j3

!
ij = Gij :
J as3

where constants a;3 describe elastic properties of body at third di-
rection:
V13 V3 1

a3 = TE a3 = —E, a33 = E
1

We assume that the elastic constants a;; satisfy the relationship

(ge = 2 (\/W - alz)~ (2)

In the terms of engineering constants, we have

1
B Eq | Eq
G= 5 ( E + V]Z) ) (3)

for plane stress, or

1 1 V322 1 V321 V12
€=3 \/<E‘E E B)VE T

for plane strain state respectively (Zhang and Deng, 2008). There-
fore, such material is called quasi-orthotropic (Hasebe and Sato,
2013) and the relationships (3) or (4) can be used to determine
quasi-orthotropic solid.

We introduce the stress function F(x, y) such that (Lekhnitskii,
1968):

9F 02F 02F

Ox = ayZ’ Oy = ox2’ Ty = _8x8y (5)

V31V32
E;5 ’

(4)

In the absence of mass forces the stress function F(x, y) for quasi-
orthotropic solid satisfies the elliptical differential equation of
fourth order:

04F 04F

04F
2 4 _
P et aa

=0, (6)

The characteristic equation of (6) has the following form:
pwr+2y°p+y*=0 7

where y = ¥ay;/ay; is an orthotropy parameter. In the terms of
engineering constants it is equal

Y = VEJ/Ey

for plane stress state. For plane strain, we have (Zhang and Deng,
2008)

. 41/Ey—-v%/53
1/Ex — V32X/E3,

respectively.

Eq. (7) has conjugate multiple roots pq =, =iy and [ty =
o = —iy. When the parameter y = 1 we come to an isotropic ma-
terial. The general solution of Eq. (6) for quasi-orthotropic body
can be expressed by two analytic functions ¢q(z;) and x1(z;) of
the same complex argument z; = x + iy y in the form (Lekhnitskii,
1968):

Fx.y) =%[z11(z1) + 1 (21)]. (8)
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Based on the relations (5) and (8) we express the stress com-
ponents by complex potentials ®(z;) = ¢](z;) and Wy(z;) =
Y¥i(z1) = x"(z1) by formulas

o = —YIR[Z1D) (z1) — 201 (z1) + W1 (21) ],

oy =R[Z1 P (z1) +2®1(21) + W1 (z1) ]. 9)

Ty = ¥ 3219} (21) + W1 (21) ]

These dependencies can also be denoted in another form (Suo,
1990b; Zhang and Deng, 2008):

oy + Y 20y =4% D1 (79),
{y y ~“ox R Dq(z1) (10)

oy — Y 2ox 4 2iy 1y = z[ch/l (z1) +¥ (Zl)]-
The components u and v of the displacement vector can

also be expressed by complex potentials ¢(zq) and ¥(z;) =
X1(z1) (Prusov and Lunskaya, 1969)

i -
2G (u+yv> =Kk@1(21) — 2191 (z1) — Y1 (21), (11)
where constant « for plane stress is equal
 — 3V /an + az/ax _ 3y2 — vy
Vay /@i — a/ay Y2ty

for plane strain state:

Vi2  V31V33
=3-8G(—=+—=>").
« <E1 * Es )

Using the relations (9) one can obtain the following equa-
tion (Savruk and Chornenkyi, 2015):

d i —
26— (u+—v) =kd(ty) — Dy (¢t
dt1< +)/> 1(t1) — @1 (1)
—@[rq>/(t)+\lf(t)] tiel (12)
d, L1 ®th 1) |, telq,
where L; - contour on auxiliary plane z; = x + iyy, which is cor-
responding to curve L lying on primary complex plane z = x + iy.
Let X, and Y, be Cartesian components of stress vector acting
from the positive direction n on curvilinear contour L. The follow-
ing relationship bind normal N and tangential T stress components
with these components (Muskhelishvili, 2003)

. L dt . d (0F .OF
Xn+zYn=—1ds(N+lT)=ds<8y—18x), (13)

where s is curvilinear abscissa at the contour L corresponding to
the point t =x+1iy, t € L.
Taking into account Egs. (8) and (12) we obtain

i ds —_—
(]/X" - Yn) Tﬁ = q>1 (tl) + CI)1 (tl)

+Z—2[t1d>’](t1)+\ll1(t1)], ty € Ly. (14)
Egs. (10) and (12) allow reducing the fundamental problems of the
theory of elasticity to the boundary value problems of complex
analysis.

If elastic quasi-orthotropic plane is subjected to uniform bidi-
rectional tension of the intensity o° = p, 0y° =q at the infinity
and the uniform shear stress 73y = 7 then the uniform stress state
of the plane is defined by the potentials

1 1 .
®(z) = 4 (p+a/v?). ¥@)=5(p-a/v?)+it/y. (15

Fig. 1. Infinite elastic quasi-orthotropic wedge with the opening angle 2«.

The normal and tangential components of the stress vector on
curvilinear contour L are equal to

N +T() = po(t) = 5 (p+0)
1 .. dt .
—E(q—p—Zrc)a, t=x+1y €L (16)

These stresses do not depend on the material parameters and are
the same for the case of isotropic plane.

3. Plane eigenvalue problem of the wedge in elastic
quasi-orthotropic solid under symmetric loading

Let the elastic wedge (Fig. 1) occupy the area
S={(60), r>0, —o <0 <«a},

where 1, 6 are polar coordinates with the pole in wedge vertex. The
wedge is symmetric with respect to wedge bisector, so we denote
the equation describing its contour as z=x +iy. On the faces of
the wedge there is no normal o4y or tangential 7, stresses:

Opg + l"L'rg =0, 0 =+« (17)

We express the stress function Fy(x, y) for the quasi-orthotropic
wedge through two analytical functions go?(z1) and x?(zl) in the
following way:

Fo(x.y) = R[21¢} (1) + 17 (21) ] (18)

We take down the stress distribution in the wedge area through
stress function expressed in polar coordinates Fy(r, €) as (Nowacki,
1970)

_ 1 BFo(r,G) 1 82F0(r,9)
T r  or 2 362
32Ky (1, 0

Opy = %
T — 3 181:0(7’,9) _lSFo(r,G) 1821‘-0(1”,9) (19)

T Tr\r 90 ) T2 a0 v ardf
We assume the stress potentials in the form of
QY (z1) =Az"*, x)(z1) = Bz* ™ (20)

where A, B are arbitrary complex constants. The singularity expo-
nent A is real (Blinowski and Rogaczewski, 2000; Wu and Chang,
1993). The complex variable z; was written in the form

z; =1 (cos? 6 + y?sin® 0)1/2 exp[iB1(0)]. (21)
where function 81(0) satisfies the equation

tan[B1(0)] = y tanb. (22)
Thus

7% =17M[Ro(0) + il (0)], 227 =r* R (0) +il;(0)] (23)
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where
Ro(6) = (cos?6 + y?sin® 9)_M2 cos[AB1(6)].

Io(®) = —(cos?6 + 2 sin6) ' sin[AB:(6)],
R1(0) = (cos? 6 + 2 sin*68)' " cos[(2 - 1)1 (6)],

L(0) = (cos26 + y2sin?0)' " sin[(2 - 2)B1(0)]. (24)
And now, taking into account Egs. (18) and (19) we find
Fo(r,0) = r*[AiRo(0) — Al (0) + B1Ry (8) — Bal1 (6) ], (25)
where
Ay =%MA, A, =3A, B;=%B, B,=3B,
Ro(6) = Ro(0)(cos?6 + y2sin’6).
Io(8) = Io(6)(cos?6 + y?sin’6). (26)
We obtain stress components from relationships (19) in the form
o =1{(2 = V)[ARo(0) — Ao (8) + BiR1 (0) — By 11 (0) ]
+AIRG () — Al (6) + BiRY (6) — Byl (6) .
0pgg =172 = 1) (1 = M)[AiRo(0) — Aslp()+
+B1R(8) — B2L1(0)],
Trp = —1(1=2)[A1R(0) — A2l (0) + B1R} (0) — Bo11(0)]. (27)
Satisfying the boundary condition (17) and putting 6 = o (see
Fig. 1), we obtain the homogeneous system of linear equations, re-
spectively
ARy () (cos? o + y2 sin® &) + By Ry (@) = 0.
A1[Ry (@) (cos? a + y? sin? @)+ (y? = 1)Ro(@) sin2a]  (28)
+BiR{(a) =0
for symmetric
Aolo () (cos? o + y? sin’ &) + Byl (@) = 0,
Ao[I5(0) (cos? & + y2sin® &) + (v2 — 1)Ip() sin 2| (29)
+Byl (o) =0
and for anti-symmetric stress distribution with respect to wedge
bisector Ox.
Further, we consider the symmetric stress distribution case. The
homogeneous system of linear Eq. (28) has a nontrivial solution

when its determinant is equal to zero. Hence, the characteristic
equation to determine eigenvalues has the following form

sin 2(1 —A)B1(a) + (1 — 1) sin 281 () =0, (30)
where

Bi(a) =m +arctan (y tane), 7w/2 <o <.

In general, the roots of Eq. (30) are complex, but the singular
stress field at the wedge vertex raises only if roots of the char-
acteristic equation are in the range 0 < M A < 1. Roots (real or
complex) located outside this range can cause singularity in stress
derivatives only. Eq. (30) has not any real roots in the interval
0 < %A < 1 for angle « in the range 0 < o < /2. For wedge
angle 7/2 < o < mEq. (30) has only one real root A; the value of
which belongs to the range (0, 1/2). For a = 7 (half-infinite crack)
A = 1/2. Congruous results were obtained by Bogy (1972) and Wu
and Chang (1993) for orthotropic wedges. Extensive discussion of
the solution of the characteristic equation for isotropic wedge were
given by Vasilopoulos (1988).

Eq. (30) was received previously by Savruk and Kazberuk (2014)
in a slightly different form, as the result of limit transition from
general orthotropic to quasi-orthotropic material. It is easy to
prove the identity of these equations.

0 30° 60° 90° 120° 150° 2B

Fig. 2. Stress singularity exponent A; as a function of the notch opening angle 2
for various quasi-orthotropic materials.

It worth noting that characteristic equations for the generally
orthotropic wedge with the bisecting line parallel to orthotropy
axis were previously constructed by Blinowski and Rogaczewski
(2000); Bogy (1972); Gevorkyan (1968); Selvarathinam and Pageau
(1997); Wu and Chang (1993); Wu and Liu (2008) and Zappalorto
and Carraro (2014).

In Fig. 2 we show the numerically obtained dependence of the
exponent of the stress singularity exponent A; at the vertex of
sharp V-notch in quasi-orthotropic plane as the function of the
notch opening angle 28 = 2(;r — «) for several y values. The val-
ues of y parameter y =2 and y = 4 correspond to the composite
materials fibres of which are arranged parallel to wedge bisector.
The values y =1/2 and y = 1/4 indicate perpendicular direction
of fibres with respect to wedge bisector. The case y = 1 — isotropic
material — is provided for comparison.

Putting B1(«¢) =« in Eq. (30), which corresponds to y =1,
we obtain well known Williams (1952) characteristic equation for
wedge eigenproblem in isotropic material. Thereupon, to deter-
mine the parameter A; for quasi-orthotropic notch we can use
known (see Savruk and Kazberuk, 2012b) approximation formula,
here expressed as

A ~ 1,247 cos B — 1.312 cos?f8 + 0.8532 cos? 3
~0.2882cos*B.0< B <7 /2 (31)

where 8 = — (). The maximum absolute error of this esti-
mation is below 0.001 for entire range of parameter B Calculated
from the (31) relationships between stress singularity exponent A;
and notch angle 28 for various values of parameter y practically
coincide with the curves in Fig. 2.

Let us introduce the notch stress intensity factor (NSIF) at the
sharp notch vertex in the form (Carpinteri, 1987; Cherepanov,
1979; Kazberuk, 2010; Savruk and Kazberuk, 2012b; Seweryn,
1994):

kY = lin(]) [@rr)™ o, (r,0)]. (32)
r—
It differs from the more common definition of Gross and Mendel-
son (1972) only by multiplayer (27)'/2~* but it is more conve-
nient (Carpinteri, 1987).
Taking into account the relationship (27) we obtain
2= =A) r)M{A; + B} =KY (33)

and joining the first of Eq. (28) we get a system from which we
determine constants A; and B,:

A B, (m) MKV

= —— =— = . 34
Rile)  Ro@) =21 =a)[Ro(er) = Ri(e)] ey
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From the relationships (20) we get complex potentials in the
form

D(z1) = A1 - Az ™,
W(z1) = Bi(2 — A)(1 — A)zg ™™, (35)

then substituting constants (34) we obtain

RY Ri (@)
q)O — 1 1
)= Grz0n G 2[Rol) —Ri@)]
Wi = Ro() (36)

(27'[ Z]))‘] Rg(a) — R] (Ol)

Symmetric distribution of the stress field in elastic quasi-
orthotropic wedge is defined by relationships (27), thus

o= @ | @ = - An[Ro(@) — Ri(@)]
R @) @~ 0Re(0) + K 0)]
(2= (1 - AD[Ro(@) — Ri(a)]

o0 RY [ Ro(e)Ri(6) — Ry (@)Ro(0)
0 @k Ro(a) — Ry ()

o ___ K[ Ro@R®) - Ri@Ry©) |
T @i @ -[Ro(e) ~ Ri(e)]

. R { Ro@)[2 = 2R (0) + Ry (8]

(37)

Here the functions Ry (@) and R;(6) are given by formulas (24) and
(26). Expression (37) defines components of singular stress field
in an infinite quasi-orthotropic wedge in the case of symmetrical
stress distribution. In the finite bodies with sharp notches these
relationships give asymptotic estimation of singular stress distri-
bution in the vicinity of notch vertex.

4. Integral equations of the theory of elasticity for the problem
of quasi-orthotropic plane with curvilinear crack

The detailed solution of the problem was already presented in
the works of Savruk and Chornenkyi (2015, 2014b). Here we quote
only the basic formulas and equations of the method of singular
integral equations necessary for further considerations.

Let us consider at first an auxiliary problem of the theory of
elasticity for an quasi-orthotropic plane weakened by a smooth
curvilinear crack L. We assume that stresses at the crack edge are
continuous while displacements are discontinuous:

[({/Y)Xn = Yol = [(i/y)Xn —Ya] =0. tel, (38)

ing2
fu Gyl [+ Gyl = L. teL (39)

and stresses and rotation in infinity are considered null. Upper in-
dexes “+” or “~” indicate boundary values of corresponding vari-
ables when z — t € L from the left (+) or from the right (=) in
relation to selected positive direction of L, respectively.

After differentiation Eq. (39) takes the form

d i \* i\ ] 4iy?
dh[(wyv) —<u+VV> ]=Exg’1(t1) (40)

where gy (t;) = g(t), t; =x+iyy e Ly.

Using the relationships (12), (14), (38) and (40), the boundary
value problem can be denoted as the system

d>1+(t1)—d>1*(t1):i§’](tl), B
[P (t) + Wi ()] = [P () + Wi ()]

— g @ -] g aek,

the solution of which is known (Savruk, 1981):
1 [ ght)dy

®1() = 2 L bh—27
1 [ [&EdE g
wl(m—zﬂfh[ L (tl_zl)z] (an)

Expression (41) can be considered as the integral representation of
the complex stress potentials ®{(z;) and W{(z;) expressed by the
derivative of the step displacement function over the curvilinear
contour L, while stresses are continuous.

Based on the complex representation of potentials (41), various
boundary value problems for quasi-orthotropic bodies with crack
and openings can be solved (Savruk, 1981).

Let the self-balanced stresses on the edges of the crack along

the contour L be set:
Nt +iTt =N 4+iT- =p(t), tel, (42)

while stresses at infinity disappear. The condition (42) can also be
written as

[y~ % |5 = PO =P (43)
1 ——dt | dt
- zy[a £ yIp©) — (1 —V”’(“dr]dﬁ (43)

Satisfying the boundary condition (43) by potentials (41) to de-
termine the unknown function g} (t;). we obtain singular integral
equation

% /L [Kn (71, t)g) (t1) dTy + Ly (11, t1)g (1) dT1 | = Py (t1),  (44)

where

1 1 1 dty
Kl('51,f1)=2|: + 1:|,

-t Tt dy

1 1 T1— b dﬁ
Li(t1,t1) = = — — — |.
1(T1,t1) 2|:1’1—t1 (TT—H)Z dt,

Note that the integral Eq. (44) is consistent with the known one for
degenerate anisotropic body (Savruk and Kazberuk, 2014) that was
obtained by limit transition from the general case of anisotropic
plane with curved cracks.

The solution of Eq. (44) should satisfy additional condition

fL gy (ty)dt; =0, (46)

(45)

which ensures unambiguity of displacements during tracing the
contour L.

The complex stress potentials (41) and singular integral Eq. (44)
are valid also for systems of curvilinear cracks in quasi-orthotropic
plane. Then, the symbol L denotes the set of crack contours and the
additional condition (46) must be fulfilled for each contour compo-
nent separately.

5. Rounded infinite V-notch

Let us consider the elastic quasi-orthotropic plane weakened by
infinite rounded V-shaped notch with the opening angle equal to



A. Kazberuk et al./International Journal of Solids and Structures 85-86 (2016) 134-143 139

Fig. 3. a) Infinite rounded V-notch with edge contour L and b) infinite crack in
quasi-orthotropic plane along contour L.

24 (Fig. 3a). We assume that the edge L of the elastic plane is
free of load and the asymptotic stress field at infinity (37) is de-
scribed by the complex potentials (36). This problem can also be
interpreted in a slightly different way. In the elastic wedge with
boundary contour Ly and stress and deformation state described by
the complex potentials (36), there is the cut (crack) along the con-
tour L (Fig. 3b). We need to find the disturbance of the stress field
in the elastic plane (or wedge) induced by the presence of rounded
notch with boundary contour L. Below, we consider a symmetrical
problem when the stress state is symmetric with respect to the Ox
axis.

We solve the problem using a superposition method. We are
looking for complex potentials in the form of

1 g, (t1)dty

q’1(21)=¢?(z1)+ﬁ > (47)
g (t)ds d
i) =W+ o [ [gltf“_)zf - “(“fl - - } (48)
1 1= 41

where functions @?(zl) and lll? (z1) (36) describe the basic stress
state in quasi-orthotropic wedges.

For determination of unknown function g} (t;) we use singular
integral Eq. (44), the right side of which is

Pi(t) = —[cb?(m +@9(t) + dz (@' (t1) + w?(n))}, tels.

dty
(49)

We define the contour L of the rounded V-shaped notch by means
of the following parametric equation

t=w() =pt=w’)
sin B + (¢ + ¢p) cos B+
—i[cos B — (£ + &p) sin B].
—00 < § < =3,
= pqCos¢ +ising, —8p < <8 (50)
sin 8 — (¢ — ¢p) cos B+
+i[cos B+ (& — &) sin B,

{p < < oo,

where ¢ =&/(1—£2)¢, ¢(g=m/2— B is an angular coordinate of
the circular arc end point, c is an arbitrary positive number (here
¢ = 3/2), chosen experimentally to obtain the best convergence of
the solution.

We also consider contour Ly as an edge of hyperbolic
notch (Benthem, 1987) in quasi-orthotropic plane with the same
radius of curvature at the notch vertex. Parametric equation of the
contour Ly is

el cosa 1 L«
— 4+ - cot* =
cos —coséa 2 2

w(§)=p<
(51)

),oe:rr—ﬂ,—l<$<1.

T
T
T

.
/

)

Fig. 4. Comparison of the shape of rounded V-notch L and hyperbolic notch Ly of
the same radius of curvature at the notch vertex.

The comparison of the notch contours in the vicinity of notch apex
is shown in Fig. 4.

The parametric equations of the contours related to the auxil-
iary plane z; have the form

1

t=o1§) = 5[+ )o@ + (1 -y)®)] -1<§<1.
(52)

Substituting

T=wl), t=w®), n=wi§) t=w(() (53)

and denoting

g1 (@1(8) 01 (§) =1 (5)

we express the integral Eq. (44) and condition (46) in the canonical
form

L RiE m g @& ++LiE g ©)]ds =Pi(n).
-1<n<1, (54)

JH e &) dE =0,
where

151 m Zﬁl (w1(M)),
K¢, n) =Ki(01(§). w1(1)).
L, n) =Li(w1(). w1(n)).

We look for the unknown function g} (&) in the class of functions
with integrable singularity on the endpoints of the integration in-
terval

g &) = )

J1-€2

where u;(&) - continuous function over -1 <& < 1.
We find the numerical solution of the integral Eq. (54) using

the method of mechanical quadratures (see e.g. Erdogan et al.,

1973; Linkov, 2002; Savruk, 1981; Savruk et al., 1989) and Gauss-

Chebyshev quadrature. As the result we obtain system of 2n linear

equations with 2n unknowns uq(&;) (k=1,...,2n):

(55)

{ 2]7, et [K G )t (&) + Ly (B i) 11 (B) | = P (),
Yty up (&) =0.
(56)

where coordinates of quadrature nodes and collocation points are
given by the formulas

$k=COS$, k=1,...,2n,
nmzcos%, m=1,...,2n—1. (57)

The symmetry of the stress field (with respect to the Ox axis) im-
plies condition

ui (=€) =u(§), (58)
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which gives us the opportunity to reduce the order of linear sys-
tem (56) by two. As the result, we obtain

o s (MG ) 1 50 + NG 1) 0 B = By ).
it [ G + w1 (E)] =0,

(59)
where
M(&, mm) = K1 Gk> Mm) + L1 (=&, 1m),
N nm) = L1 Gk, mm) + K1 (=&, ). (60)

The stress components on crack contour L can be calculated ac-
cording to the formulas (9). We calculate the Cauchy principal val-
ues of the potentials (47) analogously to isotropic case (Savruk,
1981). Since boundary contour is free of external load (o, = Tps =
0) and the sum of normal stresses is invariant i.e. o, + 05 = oy +
oy, then the normal stress along the edge of the notch is equal

os(n) =05 (n) =0y () +0, (n) = Qrp) MK Ri(n).  (61)

where Ri(n) - dimensionless normal stress at point 7.

At the rounded vertex of the V-notch dimensionless normal
stress Ry(0) is equal R;. It is so called the stress rounding fac-
tor (Benthem, 1987; Savruk and Kazberuk, 2006). Its values de-
pend (for isotropic material) on the notch opening angle and the
notch shape in a neighborhood of the vertex (Savruk and Kazberuk,
2006). The result is the relationship

05(0) = 27 p) "K' Ry (62)

that is asymptotic for finite bodies with V-notches rounded with
small radius of curvature p at the notch vertex. As it was earlier
demonstrated (Savruk and Kazberuk, 2007, 2010, 2012b), the rela-
tionship (62) can be used to estimate the maximum stress at the
vertex of V-notch rounded with small radius of curvature (when
the NSIF is known), or we can calculate the notch stress intensity
factor at the vertex of sharp notch:

(27 )M
1

performing the calculations for stress concentration at the rounded
vertex of V-notch of the same opening angle.

kY = 1in% 05(0) p™, (63)
p—>

6. Numerical results

6.1. Stress concentration at the vertex of rounded infinite V-notch in
quasi-orthotropic plane

The numerical calculations were performed for quasi-
orthotropic plate (plane stress) with rounded V-shaped or hyper-
bolic notch. The discrete values of the material parameter y were
selected from the interval 1/4 < y < 4. The distributions of the di-
mensionless traction stress R;(6) = R|(n), (0 = Argw(n) € [-m,7])
alongside rounded V-notch contour in quasi-orthotropic plane are
depicted in Fig. 5 for notch opening angle 28 = 7 /3. It is worth
noting that for values y > 1 (Ex = E; — fibres parallel to the notch
bisector) function Ri(f) may have either a local maximum or a
minimum at the notch vertex (6 = 0) depending on y value. The
maximum value of R;(@) occurs at some distance from the vertex.
For y < 1 (Ex=E, — fibres perpendicular to the notch bisector)
function R;(f) has maximum at the notch vertex.

The presence of local maximum or minimum of stress func-
tion Ry(0) at the notch vertex depends on value of material pa-
rameter y, notch opening angle 8 and notch shape. In Fig. 6 we
show distribution of R;(0) for several values of angle 28 at con-
stant orthotropy parameter value y =4. For 28 = 1° the notch
shape is almost parabolic and calculated R;(@) values agree well

Ri(8) T ' ' !

=1/ i

TI—

............................

0 &
—3n/4

Fig. 5. Distribution of the dimensionless traction stress R;(6) alongside the contour
of rounded infinite V-notch with the opening angle 28 = 60° for various values of
quasi-orthotropy parameter y.

Ry(6)
2

1.8

1.6
1.4 f-
12 e

1F

—3n/4 —n/2 —m/4 O /4 w/2 0

Fig. 6. Distribution of the dimensionless traction stress R;(6) alongside the contour
of hyperbolic notch at parameter y = 4 for various values of the opening angle 2.

with purely analytical solution (Savruk et al., 2015), which was ob-
tained as limit case of elliptic hole problem (see Lekhnitskii, 1981).
The curve plotted for 28 = 175° tends to a constant value: R;(6) —
1, which corresponds to stress state at the edge of half-plane under
unidirectional tension.

The relationship between stress rounding factor R; = R;(0) and
F notch opening angle 2/ for various values of the material pa-
rameter y and two considered contours of the notch is shown in
Fig. 7. The value of the stress rounding factor R, is significantly af-
fected by the direction on the notch bisector relative to principal
material axes of orthotropy (fibres parallel — Ex = E{, ¥ > 1 or per-
pendicular — Ex = E5, ¥ < 1). Curve y =1 corresponds to isotropic
material. As it can be seen, the relative difference between R; val-
ues calculated for rounded V-notch (50) and hyperbolic notch (51)
is rather small. For the angle 28 = 0 and isotropic material (y = 1)
this difference is about 6% (Savruk and Kazberuk, 2006) and de-
creases with the decrease of parameter y. For y > 1 the relative
difference increases, reaching 24% for y =4 and 28 = 0.

The desired accuracy of the R; calculations was achieved using
simple self-adaptive scheme. The result was constructed as a se-
quence of solutions obtained by consecutively doubling the num-
ber of quadrature nodes (57) n starting from n = 64. The process
was stopped when the relative difference between R; value cal-
culated at previous step (n nodes) and the current result (for 2n
nodes) was less than 0.1%. For small values of y and 2 the maxi-
mum value of n was 16384.



A. Kazberuk et al./International Journal of Solids and Structures 85-86 (2016) 134-143 141

i i i
0 30° 60° 90° 120° 150° 28
Fig. 7. Stress rounding factor R; as the function of notch opening angle 2 for
rounded V-notch (solid lines) and hyperbolic notch (dashed lines).

Table 1
Stress intensity exponents A; and stress rounding factors R; for rounded V-shaped
notch in quasi-orthotropic plane.

y=1/4 y=1/2 y=2 y=4

28 A R M R M R M R

0° 05000 11371 05000 5770 05000 1620 05000 0.932
10° 05000 11383 05000 5770 0.4996 1625 0.4969 0.944
20° 05000 11383 04999 5771 04968 1632 04798 0962
30° 05000 11384 0.4998 5772 04899 1637 04488 0.982
40° 04999 11384 0.4995 5773 04782 1639 04110 1004
50° 04999 11384 04990 5772 04616 1637 03720 1027
60° 04998 11383 04982 5768 04408 1632 03345 1050
70° 04996 11381 04969 5761 04165 1624 02993 1071
80° 04993 11377 04948 5747 03894 1613 02666 1089
90° 04988 11368 04916 5722 03600 1599 02362 1105
100° 0.4980 11352 04867 5678 03287 1581 02075 1119
110° 04967 11322 04792 5602 02958 1558 01803 1129
120° 04943 11261 04674 5474 02611 1529 01541 1135
130° 04899 11133 04487 5260 02245 1492 01286 1137
140° 04811 10851 04191 4905 01859 1444 01035 1134
150° 04616 10186 03719 4340 01448 1383 00785 1124
160° 04147 8590 02971 3496 01006 1301 00531 1105
170° 02957 5239 01802 2360 00527 1189 0.0271 1072
180°  0.0000 1000 0.0000 1000 00000 1000 0.000 1.000

The smallest 28 angle for which the results of R; were cal-
culated using procedure described in Section 5 was 28 = 1°. For
2 = 0 (semi-infinite U-shaped slot) the values of R; were obtained
by extrapolation. These results were used to establish simple for-
mula for estimation of the stress rounding factor for U-shaped
notch in quasi-orthotropic body:

2
Ri(B=0)~0.245 + —2')7/41 + (O.Jl/OZ)

with relative error less than 0.2% in the range 1/4 < y < 4.

The contour of the hyperbolic notch for 28 — 0 approaches the
parabola. The values of R; calculated for 28 = 1.0° agree well (rel-
ative difference is less than 0.1%) with the results obtained analyt-
ically for the problem of elliptical hole in orthotropic plane sub-
jected to uniform tension (Chiang, 1994; Lekhnitskii, 1981):

Ry(B =0)=2v2/y.

To calculate notch stress intensity factors KIV at the sharp vertex
of a notch using the relationship (63) one needs to know not only
stress rounding factor R; but the stress singularity exponent A; as
well. Both of these parameters are shown in Table 1 for selected
values of orthotropy parameter y.

MMM A A A p

AAAARARAARAAAAA Y

Fig. 8. Chevron crack with rounded corner in quasi-orthotropic plane under unidi-
rectional tension.

6.2. Stress intensity factor at the sharp corner of chevron crack

Let us consider an elastic quasi-orthotropic plane with a smooth
curvilinear crack (Fig. 8). The contour L of the crack consists of
two straight edges connected with circular arc. The angle between
crack arms is equal 2. The Ox axis is the axis of symmetry of the
crack and it is parallel to the principal material axes. The projec-
tion of the crack on the Oy axis is equal 2¢, where ¢ is the main
length unit. The radius of the arc is p. We define the relative ra-
dius of curvature of rounded edge at vertex as € = p/¢. The center
of the circle, the part of which is vertex arc, is located at the point
z = t(cosp — ¢)/sin B. Therefore, when ¢ approaches zero we ob-
tain sharp chevron (or kinked) crack. For this limit case (p — 0),
the length of the crack arm is equal a = ¢/ sin 8.

The parametric equation t = w(§), —1 <& <1, that describes
contour L has the following form:

(1—ecosB)/tan B + c(t + t5) cos B
—i[ecos B —c (T + 1) sin B],
(cos B —¢g)/sinB +ecos (T c/e)

-1<71 < —13,

w(§) =t +igsin (T c/e), T3 <T < Tp
(1 —¢ecospB)/tan B —c(t — 1) cos B
+i[ecosB+c(t —tp)sinfB], T<T<l,
(64)

where
T =6(§) = ¢esinh (£ arsinh(e ™)),

and &(§) is the nonlinear function of coordinates transformation
(Johnston et al., 2007). Parameters 7 and c are equal:

p=¢e(m/2-B)/c,
c=(1-¢ecosP)/sinB+e(m/2-B) e=o0/L.

The edges of the crack are free of load. The plane at the infin-
ity is subjected to uniform unidirectional tension, the intensity of
which is o7° = p. Thus, the potentials (15) describing the uniform
stress field are equal

1 1
@?(21) = ZP» ‘I"?(Zl) = jp-

Thus, to obtain the right-hand side of Eq. (44) we substitute the
expression (16) into (43) in the following form:

1 dt
po(t) = —2p<1 + dt)’ tel.

The same crack in isotropic plane was analyzed by Theocaris
and loakimidis (1980). They calculated the crack stress intensity
factors at the end tips of the crack and the notch stress intensity
factor at the sharp corner. Here we concentrate on the influence of
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Fig. 9. Notch stress intensity factor at the corner point of chevron crack as a func-
tion of orthotropy parameter y.

orthotropy parameter ¥ on NSIF at the sharp corner. The stresses
at the vertex were calculated for several values of the crack angle
28 ={30°,60°,90°,120°}. The rounded notch relative radius range
was 0.0001 < ¢ < 0.5. The material parameter y was in the range
1/4 < y < 4. The calculated values of the notch stress intensity fac-
tor in dimensionless form are presented in Fig. 9. For isotropic ma-
terial (y = 1) the values of NSIF agree well with the results already
published by Theocaris and loakimidis (1980). It is evident that for
2 > 0 the notch stress intensity factor I?IV strongly depends on
the orientation of the crack relative to fibres of quasi-orthotropic
composite (¥ < 1 or y > 1) and the magnitude of material pa-
rameter y. For 28 — 0 NSIF values approach the constant value
KY — K = (v2/2)py7a, ie. to value of SIF for rectilinear crack,
which does not depend on material properties.

7. Conclusions

The boundary value problem of semi-infinite rounded V-notch
in quasi-orthotropic plane subjected to symmetrical deformation
(mode I) was solved. The relationships between the stress inten-
sity factor for sharp V-notch and stress concentration factor at the
vertex of rounded V-shaped or hyperbolic notch (with the same
opening angle) were established. It was shown that the influence
of the notch shape on the stress concentration factor at the notch
vertex depends on the value of orthotropy parameter y. For y <<1
(unidirectional composite with fibres perpendicular to the notch
bisector) and small notch angle 2 the relative difference between
rounded V-notch and hyperbolic notch is negligible. Otherwise, for
y > 1 (fibres are arranged along the notch bisector) the rela-
tive difference increases with increasing of parameter y. It is also
worth noting that with the increase of orthotropy parameter the
location of the maximum (from the notch vertex towards the lat-
eral edge of the notch) also changes.

The obtained relationship between the stress intensity factor
for sharp V-notch and stress concentration factor at the vertex of
rounded V-notch has asymptotic character for finite bodies with
notches and it can be used to calculate NSIF based on stress con-
centration results obtained for notch rounded with small radius
of curvature. The effectiveness of this approach was shown on
the example of chevron crack in unidirectional stretched quasi-
orthotropic plane. The calculated values of the notch stress inten-
sity factor at the crack corner strongly depend on the value of
the orthotropy parameter. What is also important, the single or-
thotropy parameter y comprising ratio of the two Young’'s moduli
is a convenient analytical factor in the investigation of the evolu-
tion of the stress field in orthotropic medium.
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