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MODELING OF A CRACKLIKE HOLLOW FILLED WITH MEDIUM 
BY AN ELONGATED ELLIPSE

M. H. Stashchuk,  V. H. Horopats’kyi,  and  O. M. Malyk UDC 539.621

The influence of the stress field on the behavior of the electrode potential in a thin elongated el-
liptic hole made in an elastic metallic body and filled with media is studied analytically.  The in-
vestigations are based on the solution of a system of Helmholtz equations used to describe the
distributions of electric potentials in the metal, double electric layer, and media.  We construct
the plots of the electric potential in the elliptic hole filled with a medium and compute the values
of shift of the electrode potential on the contact boundary of the medium with the metal under
loading. 

The investigation of the influence of mechanical loads on corrosion in the process of operation of structural
elements requires the analysis of the action of electric fields induced by the corresponding stress–strain state near
defects of different types [1, 2]. 

Statement of the Problem

The problem of modeling cracklike hollows filled with medium by elongated ellipses is of primary impor-
tance.  On the basis of the solution of this problem, it becomes possible to analyze the electrochemical situation
at the tips of cracks filled with media in metallic bodies.  In what follows, we consider the case of an elliptic cav-
ity filled with a medium and its limiting case (elongated ellipse).  It is necessary to establish the influence of the
stress–strain state on the distributions of electric potentials in the metal and in the medium contained in the indi-
cated defect and evaluate the corresponding electrode potential on the boundary of the medium with the de-
formed metal. 

To determine the distributions of electric potentials in the stressed and strained metal, in the double electric
layer formed as a result of contact of the metal with the medium, and in the medium operating in contact with the
metal, it is necessary to find the analytic solution of the system of equations [3, 4] 
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Fig. 1.  Schematic diagram of a crack in the form of an elongated ellipse filled with a medium.

where  ∇2  is the Laplace operator,  ϕm  ( x, y ),  ϕmc ( x, y ),  ϕc ( x, y )  are the electric potentials in the metal, in the

double electric layer, and in the medium, respectively,  ρm  and  Cm  are, respectively, the density of the metal

and its capacitance,  ε0  is the electric constant,  β  is the electrostriction coefficient of volumetric expansion,  K

is the bulk modulus of elasticity,  I  =  0 5 0
2. c zi i∑   is the ionic strength of a solution determined according to the

Debye–Hückel theory,  e zi  is the charge of the  i th type of ions,  ni  and  c0i  are, respectively, the number and

concentration of this type of ions,  ε  is the relative electric permittivity of the medium,  T  is absolute tempera-
ture,  k  is the Boltzmann constant,  R  is the gas constant, and  F  is the Faraday constant. 

For the elliptic hollow filled with medium, the solution of the first equation in system (1) is found in [5, 6]
in the form of a combination of the Mathieu functions.  It follows from this solution that strains formed on the
contour of the defect shift the electrostatic potential. 

However, since the parameter  χm
2   [7] appearing in the first equation in system (1) is  ≈ 1018 m–

 
1,  the solu-

tion of this equation can be represented in the form of its partial solution as follows: 

ϕch  =  − β ε
χ ε

σK

m
2

0

.

Note that this cannot be done for the other two equations in (1) because they are uniform.  This is why to simpli-
fy the analytic computations required to find the shift of the electrode potential in the vicinity of the vertex of the
elliptic hole, we use the condition of small variations of the coordinate  y  along the coordinate  x  in the solutions
obtained for the double electric layer and the medium.  As a result, it becomes possible to construct the solution
of the equation for the medium inside the cavity elongated along the  Ox-axis by reducing the analyzed problem
to the one-dimensional case. 

Reduction of the Two-Dimensional Model to the One-Dimensional Problem for an Elongated Ellipse

Assume that a medium fills a cavity in the form of an elliptic cylinder elongated along one of the axes
(Fig. 1).  It is necessary to find the solution of the third equation in system (1). 

Since the elliptic cavity is oblate along the  Oy-axis, we can assume that  b  <<  a. This means that the con-

tour of the cavity almost coincides with the corresponding segment  [ – a, a ]  of the  Ox-axis.  Note that the equa-
tion of the contour of this ellipse can be rewritten in the form 
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x  =  1 2 2

ω
b y− ,      where    ω  =  b

a
  <<  1.

Let us now find the partial derivatives
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where 
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We also have 
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b
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. (4)

Denote  η  =  y / b.  As a result, by using relations (2)–(4), we obtain 
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Further, we assume that  η  is a constant parameter and arrive at the following ordinary differential equa-
tion: 
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We also denote 

A ( η )  =  1 1
12

2

2+
−ω
η

η
      and      B ( η )  =  −

( − ) −
1 1

1 1
2 2 2aω η η

.

In view of the introduced notation and analytic transformations, the third equation in system (1) can be re-
written as follows:

A
d

dx
B

d

dx
c c

c c( ) + ( ) −η ϕ η ϕ χ ϕ
2

2
2   =  0, (7)

where  ϕ  is assumed to be independent of  x. 
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Construction of the Analytic Expression for the Electric Potential of the Medium Inside the Elliptic
Cracklike Defect

We seek the fundamental solutions of Eq. (7) in the form  eλ
 
x,  where  λ  is an unknown parameter.  To find

this parameter, it is necessary to solve the following characteristic equation: 

A ( η ) λ2  +  B ( η ) λ  –  χc
2   =  0.

As a result, we obtain 

λ1, 2  =  
− ( ) ± ( ) + ( )

( )
B B A

A
cη η χ η
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,

or, by using the introduced notation, 
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The general solution of the differential equation (7) is sought in the form 

ϕc ( x, y )  =  C1 eλ1
 
x  +  C2 eλ2

 
x. (9)

The constants  C1  and  C2  are determined from the following boundary conditions: 

ϕc ( 0, 0 )  =  ϕc0     in the medium,

ϕc ( a – h, 0 )  =  ϕmc ( a – h, 0 )     on the boundary of the medium with the double electric layer,

ϕmc ( a, 0 )  =  ϕm ( a, 0 )     on the boundary of the double electric layer with the metal,

where  h  is the thickness of the double electric layer. 

The solution of Eq. (7) specifying the electric potential of the medium  ϕc ( x, y )  inside the elongated ellipse
under the boundary conditions (10) is given by the formula 

ϕc ( x, y )  =  
( ) ( )( − ) − − ( − ) −

−

( ) ( ) ( ) ( )

( )( − ) ( )( − )
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where 
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Fig. 2. Dependences of the electrode potential at the vertex of an elongated ellipse on the ratio of its semiaxes  b / a  (if  b / a = 0.01, 

then a relative strain of  0.2%  is attained under a load  p = 1.8 MPa):  (1) 0.03% NaCl,  (2) 0.3% NaCl,  (3) 1% NaCl,  (4) 3%

NaCl.

Fig. 3. Dependence of the shift of the electrode potential at the vertex of the elongated ellipse on the concentration of the medium

CNaCl .
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η  =  
y
b

,      ω  =  b
a

,      χc  =  5.84 ⋅ 106
 m–

 
1,    and     χmc  =  8.26 ⋅ 108

 m–
 
1

are the characteristics of the medium and double electric layer for the elliptic hole in the metal filled with a  1%
NaCl  solution [3]. 

We now represent the distribution of the electric potential  ϕmc  in the double electric layer as follows: 
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ϕm c ( x )  =  A eχm c
 
x  +  B e– χm c

 
x,      a  –  h  ≤  x  <  a, (12)

where  A  and  B  are constants determined from the solution of the system of equations (1) by satisfying the
boundary conditions (10). 

Solutions (11) and (12) constructed with regard for the boundary conditions (10) enable us to determine the
shift of the electrode potential at the vertex of the elongated ellipse.  In the numerical calculations, we set  p  =

1.8 MPa,  β  =  1.33 ⋅ 10–
 
3

 V–
 
1,  C  =  103

 K / (V ⋅ kg),  ρ0  =  7.8 · 103
 kg / m3,  and  a  =  7 ⋅ 10–

 
3 m. 

In the process of interaction with media of different activities, the maximum shift of the electrode potential

at the crack tip is attained for the ratio of semiaxes of the ellipse  b / a  =  0.01  (Fig. 2, curves 1–4).  The most pro-

nounced shift of the electrode potential  ( Δ ϕ  ≈  20 mV)  is observed in the case where the metal operates in con-
tact with a  3% NaCl  solution. 

It follows from the dependence of the shift of the electrode potential at the vertex of the elongated ellipse

( b / a  =  0.01,  a  =  7 ⋅ 10–
 
3 m,  p  =  1.8 MPa,  and  εσ  =  0.2% )  on the concentration  CNaCl  of the medium (Fig. 3)

that, as the concentration of  Na+
  and  Cl–  ions in the solution increases from  0  to  0.5 mole ⋅ liter–

 
1,  the electrode

potential  Δ ϕ  first rapidly increases and then (beginning with  0.2 mole ⋅ liter–
 
1

 )  gradually changes to become as

high as  ≈ 20 mV. 

CONCLUSIONS

The results of numerical calculations demonstrate that the maximum shift of the electrode potential at the
tip of a crack  14 mm  in length is attained in the course of interaction with media of different activities for the ra-

tio of semiaxes of the ellipse  b / a  =  0.01  (for a relative strain of  0.2%).  The indicated shift is especially pro-

nounced  ( Δ ϕ  ≈  20 mV )  in the case where the metal operates in contact with a  3% NaCl  solution.  On the basis
of the constructed dependence of the shift of the electrode potential at the vertex of an elongated ellipse on the

concentration  CNaCl  of the medium, it is shown that, as the concentrations of  Na+
  and  Cl–  ions increase from  0

to  0.5 mole ⋅ liter–
 
1,  the shift of the electrode potential attains its maximum possible values  ≈ 20 mV. 
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