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Stress state of a half-plane with cracks under rigid punch action
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Abstract. A contact problem in elasticity theory for an isotropic half-plane with a set of curvilinear cracks, into
which a rigid punch with the foundation of convex shape is indented, is considered. Coulomb friction is assumed
to exist between the punch and the half-plane, while the crack faces are under conditions of either stick or smooth
contact on contact parts. On the basis of integral representation for Kolosov-Muskhelishvili complex potentials by
derivatives of displacement discontinuities along the crack contours and pressure under the punch, the problem is
reduced to a system of complex Cauchy type singular integral equations of first and second kind. An algorithm is
proposed to find solution of these equations by the method of mechanical quadratures using an iterative procedure.
Two numerical examples are presented.
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1. Introduction

It is well known that during the contact of the units of machines and structures, cracks often
arise and propagate in the contact zone. These cracks are responsible for the loss of units
serviceability. That is why the study of fracture of solids under their contact interaction and,
in particular, the problems about the determination of the stress state of solids with cracks
initiated by punch pressure are important for engineering practice.

The majority of theoretical investigations were devoted to interaction between a rigid
punch and a vertical crack (semi-infinite (Tonoyan and Melkumian, 1970, 1973; Minasian and
Tonoyan, 1985), finite internal (Minasian, 1975; Sarkisian et al., 1980; Avetisian et al., 1983)
or edge (Minasian and Tonoyan, 1985; Melkumian, 1972; Tonoyan and Minasian, 1975, 1976;
Hasebe, 1981; Hasebe et al., 1989; Okumura et al., 1990; Hasebe and Qian, 1995, 1997)) in
an elastic isotropic half-plane. An inclined edge crack was considered in (Qian and Hasebe,
1997). In these papers, either individual cases when the crack is open were investigated or
contact of the crack faces was neglected. In some papers, a periodic set of vertical cracks
(Boyadzhi et al., 1988) and a set of rectilinear arbitrarily oriented cracks (Kudish, 1986)
were considered too. As to conditions of interaction between the punch and the half-plane,
the cases of stick (Minasian and Tonoyan, 1985; Hasebe, 1981), smooth contact (Tonoyan
and Melkumian, 1970, 1973; Minasian, 1975; Sarkisian et al., 1980; Avetisian et al., 1983;
Melkumian, 1972; Tonoyan and Minasian, 1975, 1976; Boyadzhi et al., 1988), contact with
friction (Hasebe et al., 1989; Okumura et al., 1990; Hasebe and Qian, 1995, 1997; Qian and ,
Hasebe, 1997; Kudish, 1986) were investigated. It should be noted that although the problem
of contact of the crack faces in the field of compressive stresses was widely discussed in
literature (Savruk, 1981; Hills and Nowell, 1994), it has not been yet investigated if there is a
punch.
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Figure 1. General scheme of the problem.

In the above mentioned papers, investigations were basically carried out by the dual inte-
gral equation method (Tonoyan and Melkumian, 1970, 1973; Minasian and Tonoyan, 1985;
Minasian, 1975; Melkumian, 1972; Tonoyan and Minasian, 1975, 1976) and the conformal
mapping method (Hasebe, 1981; Hasebe et al., 1989; Okumura et al., 1990; Hasebe and Qian,
1995, 1997; Qian and Hasebe, 1997). In the first case, Fredholm integral equations of the
second kind were finally obtained. As a result of using the conformal mapping method, an
initial problem was reduced to the Rieman-Hilbert problem, the investigations being brought
to numerical results. Besides, singular integral equations was obtained for some cases of
rectilinear cracks; their solutions were sought as series of Chebyshev polinomials (Sarkisian
et al., 1980; Avetisian et al., 1983) or as power asymptotical series (Kudish, 1986).

The present paper is a continuation of the previous investigations of the authors (Panasyuk
et al., 1995, 1996, 1998) and is devoted to solving a contact problem for an elastic isotropic
half-plane with a set of curvilinear cracks under the rigid punch action. The singular integral
equation method (for details see (Savruk, 1981; Panasyuk et al., 1976, 1977)) which is devel-
oped by the authors for two-dimensional contact problems in fracture mechanics is used in
the paper. Herewith, Kolosov-Muskhelishvili complex potentials (Muskhelishvili, 1975) are
constructed as integral representations with the Cauchy kernels with respect to derivatives
of displacement discontinuities along the crack contours and pressure under the punch. As a
result, the considered problem is reduced to a system of singular integral equations of first and
second kind. Numerical results for the half-plane with a vertical or horizontal crack under the
action of the frictionless flat punch are obtained.

2. Problem statement

Let us consider a problem of indentation of a rigid punch with the convex foundation into
an elastic isotropic half-plane with a set ofN smooth curvilinear cuts (cracks)Ln(n =
1, . . . , N). The half-plane is related to the system of coordinatesxOy, while the cuts – to
the local systemsxnOnyn (Figure 1), connected with the basic systemxOy by the relation
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z = zn eiαn + z0
n (z = x + iy, zn = xn + iyn, z0

n is the affix of the pointOn in the basic system
of coordinates,αn is the angle of theOnxn-axis withOx).

A vertical forceP with abscissa of the application pointx0, a horizontal forceQ and a
momentM act on the punch. Outside the contact area,a 6 x 6 b, the half-plane boundary
is unloaded. The punch is considered to be in limiting equilibrium in shear (frictional forces
arise between the punch and the half-plane by the Coulomb friction law;Q = ρP , whereρ
is the coefficient of friction). Under the action of the external loading, the punch is displaced
translationally in the direction parallel to theOy-axis with simultaneous rotation through a
certain small angleε.

Thus, the boundary conditions of the problem on the half-plane boundary have the form

dv(x)

dx
= f ′(x)+ ε, τxy(x) = −ρσy(x), a 6 x 6 b, (1)

σy(x) 6= iτxy(x) = 0, x < a, x > b. (2)

We will denote the components of displacement vector on theOx- andOy-axes of the basic
coordinate system byu and v. The functionf (x) describes the punch foundation contour
which is a smooth curve.

Under the punch indentation, the crack faces can overlap in compression zones. This causes
the emergence of contact stresses. Outside the contact parts the crack faces are unstressed. We
will investigate two limiting cases of interaction of the crack faces when face friction is either
infinitely large (stick) or absent (smooth contact).

LetL∗n denotes a set of those partsa∗nrb∗nr (r = 1, . . . , Rn) of thenth crack, along which its
faces do not contact. Herewith, the parts will be numbered from the beginning an to the end
bn of the crack (see Figure 1), i.e.

L∗n =
Rn⋃
r=1

a∗nrb
∗
nr , n = 1, . . . , N. (3)

It should be added that the pointsa∗nr , b∗nr at r = 1 andr = Rn may coincide with the crack
tipsan, bn. Obviously, for any open crack,L∗n = Ln.

Put down the boundary conditions on the crack faces as follows:

N±n (tn)+ iT ±n (tn) = 0, tn ∈ L∗n, n = 1, . . . , N, (4)

u+n (tn)− u−n (tn)+ i[v+n (tn)− v−n (tn)] = 0, tn ∈ Ln\L∗n, n = 1, . . . , N, (5)

N+n (tn)−N−n (tn)+ i[T +n (tn)− T −n (tn)] = 0, tn ∈ Ln\L∗n, n = 1, . . . , N, (6)

T ±n (tn) = 0, v+ν (tn)− v−ν (tn) = 0, tn ∈ Ln\L∗n, n = 1, . . . , N, (7)

N+n (tn)−N−n (tn) = 0, tn ∈ Ln\L∗n, n = 1, . . . , N; (8)

the boundary conditions (4)–(6) are valid when stick of the crack faces in contact takes place,
while (4), (7), (8) are given for smooth contact of the faces. Here,Nn andTn are the normal and
tangential tractions on thenth crack faces,un andvn the components of displacement vector
on theOnxn- andOnyn-axes of the local coordinate systemxnOnyn, vν the normal component
of displacements of the crack faces. The superscripts (+) or (−) denote the boundary values
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of quantities when approaching the crack contours from the left or from the right. Note that
the positive direction of the tangential tractionsTn coincides with that of tracing the region
boundary when the region stays all the time on the left (Muskhelishvili, 1975).

Besides, the conditions of punch equilibrium∫ b

a

p0(ζ ) dζ = −(P + iQ), (9)

∫ b

a

(ζ − x0)p(ζ ) dζ = −M (10)

must be fulfilled. Here,p0(ζ ) = −(1 + iρ)p(ζ ), p(ζ ) is the unknown pressure under the
punch.

It should be noted that the borders of the contact parts between the crack faces and also
between the punch foundation and the half-plane boundary, generally speaking, are unknown
a priori and are found from additional equations. The borders of the contact zones on the
cracks are found from equations

KIn(tnr ) = 0, tnr = a∗nr , b∗nr , r = 1, . . . , Rn, a∗nr 6= an, b∗nr 6= bn, (11)

whereKIn denotes the Mode I stress intensity factor for thenth crack. The unknown width
of the contact area between the punch foundation and the half-plane boundary is determined
from the condition that the contact pressure,p(x) = −σy(x) (a 6 x 6 b), at the edge points
a andb of this area is equal to zero, i.e.

p(a) = 0, p(b) = 0. (12)

Obviously, the problem solution bas a physical sense if

p(x) > 0 at a 6 x 6 b. (13)

Further, for convenience, we will use an operator form to write some contour integrals.
Introduce operatorsA{Lk}, B{Lk} according to formulae

A{Lk}ψk(τk) = 1

2π

∫
Lk

{[
1

Tk − z −
1

T̄k − z
]

eiαkψk(τk) dτk

+ 2i Im Tk

(T̄k − z)2
e−iαkψk(τk) dτ̄k

}
,

(14)

B{Lk}ψk(τk) = 1

2π

∫
Lk

{[
1

(T̄k − z)2
− 1

(Tk − z)2
]
R̄k eiαkψk(τk) dτk

+
[

1

Tk − z −
1

T̄k − z
− 2i Im Tk

T̄k + z
(T̄k − z)3

]
e−iαkψk(τk) dτ̄k

}
,

(15)

where

Tk = τk eiαk + z0
k. (16)

The indexk indicates that a given quantity is written in the local coordinates. Represent
Kolosov-Muskhelishvili complex potentials of the stated problem as function sums
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8(z) = 80(z)+81(z), 9(z) = 90(z)+91(z). (17)

The functions80(z) and9(z) define the stress state of the uncracked half-plane with the
boundary loaded by the contact tractionsp0(x). These functions are obtained (Muskhelishvili,
1975) using the boundary condition (2), namely

80(z) = − 1

2πi

∫ b

a

p0(ζ )

ζ − z dζ,

90(z) = − 1

2πi

∫ b

a

[
p̄0(ζ )

ζ − z −
ζp0(ζ )

(ζ − z)2
]

dζ.

(18)

The functions81(z) and91(z) describe the half-plane stress state due to displacement dis-
continuities along the cut contoursLn (n = 1, . . . , N) (Savruk, 1981). In view of (14) and
(15), these functions are represented as follows:

81(z) =
N∑
k=1

A{Lk}g′k(τk), 91(z) =
N∑
k=1

B{Lk}g′k(τk); (19)

g′k(τk) =
2G

i(1+æ)

d

dτk
[u+k (τk)− u−k (τk)+ i(v+k (τk)− v−k (τk))] (20)

with G being the shear modulus, æ= 3− 4µ in plane strain and æ= (3− µ)/(1+ µ) in
plane stress,µ being the Poisson’s ratio.

Construct now singular integral equations of the formulated problem for each case of
interaction of the crack faces.

3. Stick of the crack faces in contact

In this case, the boundary conditions of the problem are (1), (2), (4)–(6) and, in accordance
with the boundary condition (5), the functions (19) can be rewritten as

81(z) =
N∑
k=1

A{L∗k}g′k(τk), 91(z) =
N∑
k=1

B{L∗k}g′k(τk). (21)

On the basis of representation of the boundary condition for the first basic problem in
elasticity theory by Kolosov-Muskhelishvili complex potentials (Muskhelishvili, 1975), we
obtain the following formula for the stress distribution along thenth crack faces

2 Re8±(tn)+ dt̄n
dtn
[tn8′±(tn)+9±(tn)] = N±n (tn)+ iT ±n (tn), tn ∈ Ln. (22)

By substituting now the complex potentials (17), (18), (21) into the boundary conditions (4)
on the crack contours in view of (22), we come to a system ofN singular integral equations
of the first kind

�n(tn)− Pn(tn) = 0, tn ∈ L∗n, n = 1, . . . , N (23)

for the functionsg′n(tn) on the open partsa∗nrb∗nr (n = 1, . . . ,N , r = 1, . . . , Rn) of the cracks
and the pressurep(x). Here,
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�n(tn) =
N∑
k=1

Dn{L∗k}g′k(τk), (24)

Pn(tn) =
∫ b

a

{
Im

1− iρ
ζ − T ′n)2

dt̄n
dtn

e−2iαn

}
p(ζ ) dζ, (25)

T ′n = tn eiαn + z0
n. (26)

The operatorDn{Lk} is given by

Dn{Lk}ψk(τk) =
∫
Lk

[Rnk(τk, tn)ψk(τk) dτk + Snk(τk, tn)ψk(τk) dt̄k , (27)

where, according to (Datsyshyn and Marchenko, 1984),

Rnk(τk, tn) = eiαk

2

{
1

Tk − T ′n
− 1

T̄k − T ′n
− 2i

Im Tk

(Tk − T ′n)2

−
[

1

Tk − T ′n
− 1

T̄k − T ′n
− 2i Im Tk

Tk + T ′n − 2T ′n
(Tk − T ′n)3

]
dt̄n
dtn

e−2iαn

}
,

Snk(τk, tn) = e−iαk

2

{
1

T̄k − T ′n
− 1

Tk − T ′n
+ 2i

Im Tk

(T̄k − T ′n)2

−
[
Tk − T ′n
(Tk − T ′n)2

+ Tk − T ′n
(T̄k − T ′n)2

]
dt̄n
dtn

e−2iαn

}
.

(28)

To obtain a complete system of equations for the stated problem, we use the first of the
boundary conditions (1). On the basis of representation of the boundary condition for the
second basic problem by Kolosov-Muskhelishvili complex potentials (Muskhelishvili, 1975),
we write derivative of complex combination of displacements on the half-plane edge with
respect tox as

2G

[
du(x)

dx
+ idv(x)

dx

]
= æ8−(x)−8−(x)− [x8′−(x)+9−(x)]. (29)

Proceeding now from the expressions for the potentials (17), (18), (21), we obtain the right-
hand part of (29), namely

2G

[
du(x)

dx
+ idv(x)

dx

]
= æ− 1

2
p0(x)+ æ+ 1

π
i

[
W(x)+ 1

2

∫ b

a

p0(ζ )

ζ − x dζ

]
, (30)

where

W(x) =
n∑
k=1

U{L∗k}g′k(τk) (31)

and the operatorU{Lk} is defined by

U{Lk}ψk(τk) =
∫
Lk

[
Im

(
1

Tk − x
)

eiαkψk(τk) dτk + Im Tk

(T̄k − x)2
e−iαkψk(τk) dτ̄k

]
. (32)
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Substituting the values of derivatives of displacements (30) into the first of the boundary
conditions (1), we come to a singular integral equation of the second kind

2 ReW(x)− πæ− 1

æ+ 1
ρp(x)−

∫ b

a

p(ζ )

ζ − x dζ = 4πG

æ+ 1
[f ′(x)+ ε], a 6 x 6 b. (33)

The solution of the system of the singular integral equations (23), (33) must satisfy the
conditions of displacement continuity at the ends of the open parts∫

a∗nrb∗nr
g′n(τn) dτn = 0, n = 1, . . . , N, r = 1, . . . , Rn (34)

and the conditions of punch equilibrium (9), (10).
Thus, the singular integral equations (23), (33) and conditions (9), (10), (34) allows to find

the unknown functionsg′n(tn) (n = 1, . . . , N), p(x) and also the quantityε.
On the basis of the obtained solution using (6), (22), one can also obtain a relation to

determine contact stresses on the contact parts of the crack faces as

Nn(tn)+ iTn(tn) = 1

π
[�n(tn)− Pn(tn)], tn ∈ Ln\L∗n. (35)

The solution of the system of the constructed singular integral equations allows to calculate
the stress intensity factors (SIF) at the crack tips and at the points where the crack faces begin
to contact by

KIn(tnr )− iKIIn(tnr = ∓ lim
tn→tnr
[√2π |tn − tnr |g′n(tn)],

tnr = a∗nr , b∗nr , n = 1, . . . , N, r = 1, . . . , Rn;
(36)

the upper sign (−) conforms to the pointsa∗nr , while the lower sign (+) – to the pointsb∗nr .
Note that for open cracks (whena∗nr = an, b∗nr = bn), formula (36) coincides with the known
one (Savruk, 1981).

4. Smooth contact of the crack faces

In this case, the boundary conditions of the problem are of the form (1), (2), (4), (7), (8).
Following Savruk (1981), we represent the unknown functionsg′n(tn) (n = 1, . . . , N) in (17)
as sums of two functions, namely

g′n(tn) = g′1n(tn)+ g′2n(tn). (37)

These functions are expressed by discontinuity of the normalvν and tangentialvs components
of displacement vector to the cut contourLn by

g1n(tn) = 2G

1+æ
[v+ν (tn)− v−ν (tn)]

dtn
dsn

, (38)

g2n(tn) = − 2iG

1+æ
[v+s (tn)− v−s (tn)]

dtn
dsn

, (39)

wheresn is the arc abscissa of a pointtn on the contourLn. Then, in view of the second group
of the boundary conditions (7), the complex potentials81(z),9(z) are finally written as
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81(z) =
N∑
k=1

[A{L∗k}g′1k(τk)+A{Lk}g′2k(τk)],

91(z) =
N∑
k=1

[B{L∗k}g′1k(τk)+B{Lk}g′2k(τk)].
(40)

By substituting the complex potentials (17), (18), (40) into the boundary conditions (4),
(7) in view of (22), we obtain the following system of 2N singular integral equations

Re[�n(tn)− Pn(tn)] = 0, tn ∈ L∗n, n = 1, . . . , N, (41)

Im[�n(tn)− Pn(tn)] = 0, tn ∈ Ln, n = 1, . . . , N (42)

to determine the functionsg′1n(tn) along the open partsa∗nrb∗nr (n = 1, . . . , N , r = 1, . . . , Rn)
of the cracks, the functionsg′2n(tn) along the contoursLn (n = 1, . . . , N) and the pressure
p(x). Here,

�n(tn) =
N∑
k=1

[Dn{L∗k}g′1k(τk)+Dn{Lk}g′2k(τk)] (43)

and the quantityPn(tn) is determined by (25). To complete the system of equations (41), (42),
it is necessary to add equations

Im

[
g1n(tn)

dt̄n
dsn

]
= 0, tn ∈ L∗n, n = 1, . . . , N, (44)

Re

[
g2n(tn)

dt̄n
dsn

]
= 0, tn ∈ Ln, n = 1, . . . , N, (45)

which follow immediately from (38), (39) and also equation (33), where

W(x) =
N∑
k=1

[U{L∗k}g′1k(τk)+U{Lk}g′2k(τk)]. (46)

We obtain the expression for the functionW(x) by analogy with the previous case on the basis
of the first of the boundary condition (1) using (17), (18), (40).

Besides, the additional conditions∫
a∗nrb∗nr

g′1n(τn) dτn = 0, n = 1, . . . , N, r = 1, . . . , Rn, (47)

∫
Ln

g′2n(τn) dτn = 0, n = 1, . . . , N (48)

and (9), (10) must be satisfied.
By solving the obtained equations in view of (8), (22), we take a relation

N(tn) = 1

π
Re[�n(tn)− Pn(tn)], tn ∈ Ln\L∗n (49)
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Figure 2. A half-plane with a vertical crack under punch action.

to determine normal stresses on the contact parts of the crack faces.
To calculate the SIF, we use formula (36). However, unlike the preceding case, the factors

IIn are sought only at the crack tips (a∗nr = an, b∗nr = bn).
It should be noted that for the case of stick between the punch foundation and the half-

plane boundary, singular integral equations have been constructed by the authors previously
(Panasyuk et al., 1995, 1996).

5. An algorithm for solving the singular integral equations of the problem

Numerical solution for the constructed singular integral equations can be obtained by the
method of mechanical quadratures with the use of Gauss-Jacoby integration formulae (Erdo-
gan et al., 1973). However, since the contact zones of the crack faces are unknowna priori
at problem statement, an iterative procedure is used for their finding. The algorithm consists
in the following. As an initial approximation of the contact zones we assume the parts where
normal stresses along the crack lines in the uncracked half-plane under the punch action are
compressive. Further, on the basis of the numerical solutions of the suitable integral equations,
we calculate values of the factorsKIn by (36) at the points which are initial approximations for
the pointsa∗nr , b∗nr . These factors may be different from zero. Then, by holding a small incre-
ment of lengths of the parts found at the preceding stage, we obtain the first approximations
of the contact zones of the crack faces. It allows to calculate new values of the factorsKIn at
the points which are the first approximations for the pointsa∗nr , b∗nr . Approximation process
goes on until the factorsKIn become close to zero with a required accuracy (in accordance
with condition (11)). An accuracy of the obtained results can be checked by formulae (35),
(49), taking into account that normal stresses on the contacting parts of the crack faces should
be negative.

A similar approach is applied when the contact zone between the punch foundation and
the half-plane boundary is unknown. To find the pointsa andb, we have relations (12) which
define unambiguously these points if we take condition (13) into account too. Herewith, both
the contact parts between the crack faces and the contact zone between the punch foundation
and the half-plane boundary are searched simultaneously.
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6. Numerical examples

6.1. A HALF-PLANE WITH A VERTICAL CRACK UNDER PUNCH ACTION

Let a frictionless flat punch be indented by a forceP into an elastic half-plane weakened by
a near-surface internal vertical crack of length 2l. The half-plane is related to the system of
coordinatesxOy, whose theOy-axis coincides with the punch axis and the line of the action
of the forceP , while the crack – to the local system of coordinatesx1O1y1, as shown in
Figure 2. Assume that the punch does not rotate under loading (i.e.,ε = 0).

Using the algorithm proposed in the previous section, it has been established that for all the
positions of the vertical crack near the punch foundation, the crack faces contact throughout
its length. Obviously, under stick of its faces, the crack is no longer a stress concentrator.

Investigate now the case of smooth contact of the crack faces. Proceeding from (24), (32),
(33), (41)–(46), we finally obtain the following singular integral equations∫ l

−l
R(τ, t)ϕ(τ) dτ +

∫ c

−c
(ζ, t)p(ζ ) dζ = 0, |t| < l, (50)

∫ l

−l
V (τ, t)ϕ(τ) dτ −

∫ c

−c
p(ζ )

ζ − x dζ = 0, |x| 6 c (51)

with the kernels

R(τ, t) = 1

τ − t +
1

w(τ, t)
+ 2

τ + h
w2(τ, t)

− 4
(τ + h)2
w3(τ, t)

, w(τ, t) = τ + t + 2h,

U(ζ, t) = −Im t+h
(ζ−T ′)2 , T ′ = d1 − i(t + h),

V (τ, x) = 2
[
Im 1

T−x − Re τ+h
(T̄−x)2

]
, T = d1− i(τ + h)

(52)

to determine the functions

ϕ(t) = ig2(t) = − 2G

1+æ

d

dt
[u+(t)− u−(t)], |t| < l (53)

and p(x)(|x| 6 c). Here and further, the indices denoting the ordinal crack number are
omitted.

The solution of the system equations (50), (51) must satisfy the additional conditions∫ l

−l
ϕ(τ ) dτ = 0, (54)

∫ c

−c
p(ζ ) dζ = P, (55)

∫ c

−c
ζp(ζ ) dζ = −M. (56)

Note that condition (56) serves to determine the momentM which restrains the punch from
rotation.
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Figure 3. Normalized Mode II stress intensity factors at the tips of a vertical crack,F±II = K±II
√
c/(P
√
π), vs.

d1/c for d2/c = 0.2, 0.5 and 2l/c = 0.1, 0.5; solid lines are ford2/c = 0.2 while dashed lines are ford2/c = 0.5.
(a)F+II for the right tip, (b)F−II for the left tip.

In Appendix, a numerical technique is presented to solve the system of the singular integral
equations (50), (51) by the method of mechanical quadratures and also final formulae are given
to determine the SIF at the crack tips and the pressure under the punch.

Plots of the variation of the normalized Mode II SIF,F±II = K±II
√
c/(P
√
π), depending on

relative distanced1/c of the crack from the punch axis for different crack lengths and distances
from the half-plane boundary are shown in Figure 3. Numerical data analysis evidences that
the Mode II stress intensity is maximum when the crack approaches the punch edge (d1/c ≈
1.1 for 2l/c = 0.1 andd1/c ≈ 1.2 for 2l/c = 0.5). When the crack is placed along the
Oy-axis (d1 = 0), by virtue of problem symmetry, the factorsKII are equal to zero at both
the crack tips. Then, the crack is no longer a stress concentrator and does not influence the
pressure distribution under the punch.

In Table 1, the numerical values of the pressurep(x) under the punch for the most dan-
gerous crack positions are give when the SIF in magnitude are maximum. It is seen that in
comparison with the uncracked half-plane, the pressure near the punch edge where the crack
lies is lower and, on the contrary, near the other edge is higher. Besides, the crack presence
has an insignificant effect on the value and the character of the pressure distribution under the
punch; the pressure value changes not more than by 7 percent.
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Table 1. Pressure under a frictionless flat punch which is indented to a half-plane with a
vertical crack.

2l/c d1/c d2/c cp(x)/P

x/c = −0.9 x/c = −0.5 x/c = 0 x/c = 0.5 x/c = 0.9

0 – – 0.73025 0.36755 0.31831 0.36755 0.73025

0.1 1.1 0.2 0.7257 0.3679 0.3188 0.3685 0.7307

0.1 1.2 0.5 0.7292 0.3677 0.3185 0.3675 0.7305

0.5 1.1 0.2 0.6780 0.3732 0.3254 0.3709 0.7385

0.5 1.2 0.5 0.7194 0.3707 0.3206 0.3636 0.7354

Figure 4. A half-plane with a horizontal crack under punch action.

It should be noted that the particular case for symmetric position of the crack (d1 = 0)
was considered in (Sarkisian et al., 1980). However, the results obtained there turned out to
be erroneous since they evidenced about the lack of contacting the crack faces.

6.2. A HALF-PLANE WITH A HORIZONTAL CRACK UNDER PUNCH ACTION

The case of indentation of a frictionless flat punch into an elastic half-plane with a horizontal
crack of length 2l, placed symmetrically about the punch axis, is also considered (Figure 4).
As in the previous case, it has been established that the crack faces contact throughout its
length.

Under smooth contact of the crack faces, the problem is reduced to solving the singular
integral equations (50), (51) with the kernels

R(τ, t) = 1

τ − t + Re

[
w−1(τ, t)− 4h2

w3(τ, t)

]
+ Im

2h

w2(τ, t)
, w(τ, t) = t − τ + 2ih,
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Figure 5. Normalized Mode II stress intensity factors at the right tip of a horizontal crack,F+II = K+II
√
c/(P
√
π),

vs.h/c for 2l/c = 0.1, 0.5.

Table 2. Pressure under a frictionless flat punch
which is indented into a half-plane with a horizontal
crack.

2l/c h/c cp(x)/P

x/c = 0 x/c = 0.5 x/c = 0.9

0 – 0.31831 0.36755 0.73025

0.1 0.3 0.31832 0.36755 0.73025

0.1 1.5 0.31831 0.36755 0.73025

0.5 0.3 0.32112 0.36713 0.73029

0.5 1.5 0.31825 0.36754 0.73031

U(ζ, t) = Im
h

(ζ − t + ih)2 ,

V (τ, x) = −2Im
h

(τ + ih− x)2 ,
(57)

and the additional conditions (54), (55) remain unchanged.
The dependence of the normalized Mode II SIF,F+II = K+II

√
c/(P
√
π) (F−II = −F+II ), on

relative distance of the crack from the half-plane boundary is shown in Figure 5. It is seen that
in moving the crack away from the boundary, the factorK+II reverses the sign and takes two
extremum values ath/c ≈ 0.3 andh/c ≈ 1.5.

As seen in Table 2, the crack presence in fact does not influence the pressure distribution
under the punch.

7. Conclusions

Applications of the singular integral equation method to two-dimensional contact problems in
linear elastic fracture mechanics have been presented.
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A problem for an elastic isotropic half-plane with a set of curvilinear cracks, which is
under the action of a rigid punch with the foundation of convex shape, has been considered.
Frictional forces are assumed to act between the punch and the half-plane by the Coulomb
friction law, while the crack faces are under conditions of either stick or smooth contact on
the contact parts. The problem has been reduced to solving a system of complex Cauchy type
singular integral equations of first and second kind. An algorithm which is based on using
the method of mechanical quadratures and an iterative procedure has been proposed to find
solution of these equations.

The presented approach allows to consider various configurations of cracks and the punch
foundation and also general conditions of interaction between the crack faces and between the
punch and the half-plane. Besides, this approach allows to find effective numerical solution of
obtained singular integral equations.

Numerical analysis has been made for the particular cases of indentation of a frictionless
punch with the flat horizontal foundation into a half-plane weakened by a near-surface internal
vertical crack or a horizontal crack placed symmetrically about the punch axis. It has been
established that for various positions of the considered cracks, they are fully closed.

Under smooth contact of the crack faces:
(1) The Mode II stress intensity at the tips of the vertical crack is maximum when the crack

lies near the punch edge. The crack which is placed along the punch axis is no longer a
stress concentrator.

(2) The Mode II stress intensity at the tips of the horizontal crack is maximum when the crack
lies not near the punch foundation but at some distance from the half -plane boundary
(h/c ≈ 1.5; h is the crack depth, 2c is the punch foundation length).

(3) The presence of the vertical or horizontal crack near the punch foundation has an in-
significant effect on the pressure distribution under the punch.

Under stick of the crack faces, the vertical crack or the horizontal one do not influence the
half-plane stress state.

Appendix

We seek numerical solution of the system of the singular integral equations (50), (51) in the
following way. First, by changing the variables

τ = lξ, ζ = cξ, |ξ | 6 1,

t = lη, x = cη, |η| < 1,
(A1)

we reduce the system and the additional conditions (54)–(56) to a normalized form∫ 1

−1
[R(ξ, η)ϕ(ξ)+ U(ξ, η)p(ξ)] dξ = 0, |η| < 1, (A2)

∫ 1

−1

[
V (ξ, η)ϕ(ξ)− p(ξ)

c(ξ − η)
]

dξ = 0, |η| < 1, (A3)

∫ 1

−1
ϕ(ξ) dξ = 0, (A4)
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−1
p(ξ) dξ = P, (A5)

c

∫ 1

−1
ξp(ξ) dξ = −M. (A6)

Here, for convenience, the symbols for functions are retained unchanged, i.e.

R(ξ, η) = R(lξ, lη), U(ξ, η) = U(lξ, lη), V (ξ, η) = V (lξ, lη),
ϕ(ξ) = lϕ(lξ), p(ξ) = cp(cξ).

(A7)

Further, by extracting in the functionsϕ(η), p(η) the root singularities at the pointsη = −1
andη = 1, we obtain representations

ϕ(η) = u(η)√
1− η2

, p(η) = q(η)√
1− η2

; (A8)

the functionsu(η) and q(η) are continuous in the interval−1 6 η 6 1. Applying now
Gaussian quadratures to the integral equations (A2)–(A6) in view of equalities (A8), we come
to a system of 2N + 1 linear algebraic equations for 2n + 1 unknownsu(ξk), q(ξk) (k =
1, . . . , N) andM

N∑
k=1

[R(ξk, ηm)u(ξk)+ U(ξk, ηm)q(ξk)] = 0, (m = 1, . . . , N − 1), (A9)

N∑
k=1

[
V (ξk, ηm)u(ξk)− q(ξk)

c(ξk − ηm)
]
= 0, (m = 1, . . . , N − 1), (A10)

N∑
k=1

u(ξk) = 0, (A11)

π

N∑
k=1

q(ξk) = NP, (A12)

πc

N∑
k=1

ξkq(ξk) = −NM. (A13)

Here,ξk andηm are the zeros of the Chebyshev polynomials of first,TN(ξ) = cos(N cos−1 ξ),
and second,UN−1(η) = sin(N cos−1 η)/

√
1− η2, kind, respectively.

On the basis of solution of the system of equations (A9)–(A12), using representations of
the sought functions by the Lagrange interpolation polynomial in Chebyshev’s pointsξk as
(Savruk, 1981)

ψ(ξ) = − 1

N

N∑
k=1

(−1)k
TN(ξ)

√
1− ξ2

k

ξ − ξk ψ(ξk), (A14)
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one can find the stress intensity factors at the crack tips (see formula (36))

K±II = ±
√
π/lu(±1) (A15)

and the pressure in the contact area

p(η) = − TN(η)

N
√

1− η2

N∑
k=1

(−1)k

√
1− ξ2

k

η − ξk q(ξk), |η| < 1. (A16)

In (A15), the upper sign (+) concerns the right crack tip, while the lower sign (−) – the left
tip, and the functionu(ξ) at the pointsξ = +1,−1 takes the values

u(1) = − 1

N

N∑
k=1

(−1)k cot

(
2k − 1

4N
π

)
u(ξk), (A17)

u(−1) = 1

N

N∑
k=1

(−1)k+N tan

(
2k − 1

4N
π

)
u(ξk). (A18)
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