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O P T I M A L  A R R A N G E M E N T  O F  A P E R I O D I C  A N D  

D O U B L E - P E R I O D I C  S Y S T E M  O F  R I G I D  

R E I N F O R C I N G  E L E M E N T S  IN C O M P O S I T E S *  

N.  G .  S t a s h c h u k  a n d  M.  N. S e n y u k  UDC 539.4:678.067 

The s t rength  of f ibrous  compos i te  pla tes  is dependent  to a s ignif icant  deg ree  on the g e o m e t r y  of f iber  
p lacement ,  i .e. ,  on the sequence of the i r  a r r a n g e m e n t  and orientat ion.  To se l ec t  the opt imum r e i n f o r c e m e n t  
g e o m e t r y  for  these  compos i tes  f rom posi t ions of l inea r  f r a c t u r e  mechan ics ,  it is n e c e s s a r y  to have at  one 's  
d isposa l  data on the local  s t r e s s - s t r a i n  s ta te  n e a r  re inforc ing  e lements  of the f i b e r - i n c l u s i o n  type. Consid-  
e ra t ion  of the in te rac t ion  between f ibers ,  which provides  for  accu ra t e  computed data for  the design of f ibrous  
compos i tes ,  is a lso  requ i red .  In this connection, p r o b l e m s  involving the e las t ic  equi l ibr ium of pla tes  with in- 
clusions that a r e  o rde r ed  into cer ta in  s y s t e m s ,  for  example ,  with the i r  per iodic  and double -per iod ic  a r r a n g e -  
ment ,  a r e  of spec ia l  in te res t  in the theory  of the fa i lure  of compos i te  m a t e r i a l s .  

Up till  now, solut ions of per iodic  and double -per iod ic  p rob l ems  in c r a c k - n o t c h  theory  a lone have been 
p resen ted  m o s t  comple te ly  in the sc ient i f ic  l i t e r a tu r e  [1-3] .  An invest igat ion of the per iodic  p rob lem was r e -  
cently conducted by Berezhni t sk i i  and Stashchuk for  r igid l inear  inclusions [4] .  

The p r e s e n t  study a d d r e s s e s  s i m i l a r  p rob l ems  for  the per iodic  and double -per iod ic  s y s t e m s  of l inear  
f ibe r s  of infinite s t i f fness ,  which a r e  contained in an e las t ic  homogeneous i so t rop ic  ma t r ix .  Analytical  equa-  
t ions fo r  computing the s t r e s s  intensi ty  f ac to r s  nea r  these  s t ruc tu ra l  s t r e s s  r a i s e r s  that in te rac t  with one 
ano ther  a r e  p resen ted ,  and the i r  opt imal  or ienta t ions ,  which give r i s e  to min imum s t r e s s  intensi ty fac tors ,  
de te rmined .  

Each d i s c r e t e  f ibe r  of a compos i t e  plate  is modeled by a thin nondeformable  f i l ament  of finite length. In 
this case ,  i t  is a s s um ed  that the m a t r i x  in which the f ibe r s  exis t  is a continuous medium,  which ensu re s  an 
ideal bond between the f ibe r s  and the m a t r i x  m a t e r i a l .  It is a lso a s sumed  that the s h e a r  modulus  of the f ibers  
exceeds  that of the m a t r i x  by a fac tor  of 100 and m o r e ;  this co r r e sponds  to a compos i te  re in forced  with 
f ibers  of infinite s t i f fness .  

To s ta te  and solve the p rob l em s  cons idered  in the study, the plane of the compos i te  is combined with the 
plane of an xOy Car t e s i an  coordinate  s y s t e m  with r e s p e c t  to which the or ienta t ion and a r r a n g e m e n t  of f ibers  
in the composi te ,  which a r e  o rde red  into a per iodic  or  double -per iod ic  sys t em,  a r e  p r e s c r i b e d .  S t ress  and 
rota t ions  a r e  absen t  in this plane at  infinity; in this case ,  boundary conditions of the p rob l ems  a r e  given at  the 
ends of the f ibe r s  in the composi te .  

* P r e s e n t e d  at  the Fifth All-Union Conference  on the Mechanics  of P o l y m e r  and Composi te  Mate r i a l s  (Riga, 
October ,  ]983}. 
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Fig. 1. Relat ionships  between ra t io  k t /k~ and angle of 
f iber  or ienta t ion  a in case  of  plane s t r e s s e d  s ta te .  ~ = 
0.3. F igures  nea r  cu rves  denote values  of k. 

Fig. 2. Var ia t ion of k l / k  ~ ra t io  for  s y s t e m  of pa ra l l e l  
ad jacent  f ibers  with cen te r s  on s ingle  s t r a igh t  line due 
to angle 7r/2 - 0 of or ien ta t ion  of this l ine to loading 
sys t em:  1) plane s t ra in ;  2) plane s t r e s s e d  s ta te .  

Pe r iod ic  F i b e r - I n c l u s i o n  System in an Elas t ic  Plane.  Let  us examine  a per iodic  s y s t e m  of l inear  r igid 
inclusions of  length 2l with cen te r s  on the r ea l  Oxax i s  and with equal angles  of incline to it (~k = c~, Fig. 1). 
The d is tance  between neighboring defects  d is constant.  

S imi la r  d i sp l acemen t  jumps  
d , -4- ~- 2 G - ~ ( u . - + i v . - ) = f f ( t . ) + _ g ' ( t . ) ;  i t . l < /  (1) 

a r e  given fo r  the contours  of f ibe r s  of infinite s t i f fness  by v i r tue  of per iodic i ty ,  while the s t r e s s  jumps  

a.+--&n+-=p(t~)• [ t .]<l (2) 

a r e  unknown functions.  The plus and minus  signs co r re spond  to the upper  and lower  ends of the inclusions,  
t n a r e  points on the n-th contour  of the inclusion, and G is the s h e a r  modulus  of the c o m p o s i t e ' s  m a t r i x  m a -  
te r ia l .  Introducing the designat ions  

{ { - 2 q ( t n ) , - 2 p ( t a ) } , p * = - l ;  
{G(p*,t . ) ,F(p*, t . )}= 

{2g' (t.),  2ff (t.)}, p*=u, (3) 

where  n = 3 -  4r for  plane s t ra in ,  n = ( 3 - ~ ) / ( 1  + r in the case  of  a genera l i zed  plane s t r e s s e d  state,  and 
is  P o i s s o n ' s  ra t io ,  we a r r i v e  a t  a s ingle  in tegra l  equation in t e r m s  of the unknown function G (/~, t) 

l 

[G(p, O K ( t - x ,  p*) + G  (P, t)L(t  - x )  ]dt=O,5gi(p-p*)F(p*ox); (4) 
. - - l  

Ixl</, 
the ke rne l s  of which, accord ing  to [4, 5], a s s u m e  the fo rm 

~P* (e  ~ ctg axei= " " :xxe-i= \ 
K(x,p*) = ~  . T + e - ' = c t g - - - - d  - - - ]  ; 

L(x) a . . (  :xxe-i= nxe -'~ =xe -'= ) 
= ~ - ( e - , = - e  -3'~) etg d ~ c ~  ' 

by  sa t is fying boundary  conditions ( l )  and (2) in a m a n n e r  s i m i l a r  to that in [1, 2, 4, 51. For  a composi te  r e in -  
forced  with f ibe r s  of infinite s t i f fness ,  the p a r a m e t e r s  P* (P) cor respondingly  a s s u m e  the value u ( - 1 ) .  If 
we se t  p* = - 1 and P = u, we obtain an in tegra l  equation of the per iodic  p rob lem for  c racks .  

The solution of Eq. (4) should sa t i s fy  the condition 
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which ensures the well-defined charac te r  of displacements  on circumventing the contours of the defects.  For  
large distances between fiber centers ,  the unknown function G (~, t) was found by the asymptot ic  method [1, 2, 
4, 5] as a ser ies  in t e rms  of the pa rame te r  k = 2 l / d ,  which charac te r i zes  the relat ive distance between the 
fibers of the composite.  Te rms  of o rder  ks were taken into account. 

If the solution of Eq. (4) is found, we can use the equations 

k~ +-- ile2 +- = T i g  * (P - P*) -~ lira ~ ( l  "2- x 2) f i g  (p, x) ; (5) 
l x ~ •  

- i  

to calculate the s t r e s s  intensity factors  [6 ], principal moments ,  and deflection angles e for the f ibers .  Here, 
" + "  r e fe r s  to the right, and " - "  to the left tip of the fiber. The s t r ess  intensity factors  and deflection 
angles of the f ibers  were computed in accordance  with the above-descr ibed  method. The calculations were 
per formed for uniaxial tensioning of the composi te  plate by forces  of intensity p, which were applied at in- 
finity. 

Relationships between the quantity k~/k~ (k] is the s t r e s s  intensity fac tor  for the same oriented iso- 
lated f iber  [5]) and the angle c~ of r ig id- f iber  orientation relat ive to the distr ibution line of their  centers  for 
~, = 0.3 and for  a plane s t r e s sed  state  a r e  presented in Fig. 1. It is found that interaction between f ibers of 
the same orientation at an angle o~ to the Ox axis gives r i se  to a reduction in s trength as compared with the 
strength of a plate with a single fiber, if 0 -~ ~ - ~r/6. A certain hardening of the plate, i.e., a reduction in the 
intensity fac tor  kl, occurs  when 7r/6 -< a -< 7r/2. The mutual effect  of l inear  f ibers is minimal  when a = r/6 
and a = 7r/2. An t i symmet r i c  s t r e s s  components charac te r ized  by the quantity k 2 can be neglected. The de- 
flection angles for  the given disposition of defects a r e  vir tual ly  the same as those for a single fiber. The var i -  
ation of the quantity k J k  ~ for  the plane deformation and plane s t r e s sed  state of a composi te  (~t = 0.5 and 
# = 0.3) with a sys tem of paral le l  adjacent  f ibers  with centers  along the axis directed at an angle 0 to the Ox 
axis is shown in Fig. 2. 

F ibers  a r ranged  along a single s t ra ight  line resul t  in maximum values of the s t r e s s  intensity factor  k 1 
as compared with k] for an isolated fiber in the matr ix .  Minimum values of k l / k  ~ a re  attained when this line 
is oriented at an angle 0 = ~r/4 to the line of the p la te ' s  tensioning. The mutual effect of paral le l  adjacent 
r igid f ibers  with centers  on a single s t ra ight  line is minimal  when 0 = 7r/6 and 0 = 7r/2. 

Investigation of the effect of Po i s son ' s  rat io on the local s t r e s sed  state in the vicinity of l inear  fibers,  
which a re  a r ranged  in periodic order ,  indicated that it exer ts  a minor  influence on the magnitude of the s t r e s s  
intensity fac tors .  The effect of Po i s son ' s  rat io is mos t  apparent  as the f ibers  a re  drawn together.  

To compute the s t r e s s - s t r a i n  state of a composit ion re inforced with a sys tem of col inear  (a  = 0) f ibers 
and subjected to biaxial tension by mutual ly perpendicular  forces  p and q (the force  p is directed at an angle 
q~ to the Ox axis) ,  the p rec i se  analytical  express ions  a r e  derived for the s t r e s s  intensity factors  and deflec-  
tion angles 

k l+-=O'25p[ (1 -P~)  (1 +~l~176 2q~] "V 
d 

~ - t g - ~ - ;  

k~=O; e = 0 . 2 5 p ( 1 - ~ t o ) s i n 2 ~ / G .  

In the case of a sys tem of parallel  inclusions - f i b e r s ,  these analytical  approximate  express ions  for the quanti-  
t ies kl, k2, and the deflection angle e a re  derived on the basis  of the approximate  closed solution of the inte- 
gra l  equation (4): 

k,-+=0.25p[(1-p *) (l +~10 ) -2(1-~10)cos 2qD] V 
2p*I ~ ( l  

n(l_p.)--~-tg 2p.~ - ;  k2-+=0. (7) 

Computations pe r fo rmed  from Eqs. (7) indicated that interact ion between rigid paral le l  f ibers a r ranged  in a 
per iodic  sys tem can be neglected when ~ -< 0.33. 

Double Per iod ic  System of Fibers  of Infinite Stiffness inan Isotropic  Matrix. Let an elast ic  unres t ra ined 
plane contain a double-per iodic  sys tem of f ibers .  In the para l le logram of periods with the basic  periods r 
and w2 (Im co 1 = 0, Im (W2/COl) > 0),  there a re  N f ibers  with the contours L k (k = 1, 2, 3 . . . .  ) related to the 
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local  sys t ems  of coordinates  XkOkYk, which have origins at  the points z~ = x~ + iy~ of the principal  coordi-  
nate sys tem xOy. In this case,  the boundary conditions a r e  given by type ( l)  and (2) re la t ionships  in which the 
jumps and the sum of the s t r e s s e s  and displacements  cor respond to the qn(tn) and Pn(tn) and gn(tn) and 
f~ (tn) functions, respec t ive ly ;  he re ,  the discontinuity in the d isplacements  gn (in) at  the ends of the f ibers  is 
equal to ze ro .  Let  us also a s sume  that the principal  fo rce  vec to r  in the project ions  X n and Yn on the Ox and 
Oy axes is known separa te ly  for  each f i be r - i n c lu s io n ;  in this case,  the vec to r  of the total fo rces  acting onal l  
contours  of the l inear  f ibers  is equal to zero .  

Using the designations of (3) and satisfying boundary conditions (1) and (2), we obtain a sys tem of singu- 
l a r  integral  equations of the problem of the s t r e s s - s t r a i n  state  of a composi te  plate with f ibers  o rde red  in a 
double-per iodic  manner  by the method developed in [1, 2, 5]: 

N 

Z ~ [K.h(t~, t'.,; p*., p%)Q~(t,~; p'h, p,~)db~+ L.,,(t~, t'.)Q~(t~; p%o~)d~,~+ (8) 
h ~ l  L k 

+M.h(t~,t ' .)G * " * t' "" h(ph, t~,)dth]=rtF~tp., n), t ' . ~L . ,  n=1 ,2 ,3  . . . . .  N, 

where  
= e~=___2~ { 

K.~(th, t'.; 0%, p'h) i p%[;(Th--T'~) -A~gh-AaTh] +e-Z~=. di'~ • 
dt~ 

= _ _  } e - i C ~  f 
• [p%;(Th-- T'. 0 +A~T~+A2T~] _ ;L.,,(t~, t'.) = - - ~  ~(Th-T'n)-A,Th - 

d-g  

dV~ 
M.~ (b. t ' .)  = ie~(c'~-z~ (T~- T'. ) - - -  ; 

dtn 

Gh(p~, t h ) -  Gh(p*~, th) 
Qh(th; p'h, p~) ; l'h=t~#~+zh~ ph-  p*~ 

T'n=t'~#=. + zn~ AI= 2zi/D; D=~lco~_-colE~; A2= (8~l -SI~O /D; 
A3 = "('e2~i-~t~-~) /D; 

8r=2~(-~-~-) " ~r=2~l(-~--)--~r~:(~-~--) ; r=1,2;  

a k is the angle of incline of the k-th f iber  to the Ox axis,  ~(z) is a W e ie r s t r a s s  zeta function, �9 (z) is a 
W e i e r s t r a s s  el l ipt ical  function, and ~ t (z) is a special  m e ro m o rp h i c  function [1, 5]. 

The solution of sys tem of equations (8) should sa t is fy  the condition of well-defined displacements  of the 
form 

I n 
f= i(Xnq-iYn) 
j Qn(t; p%, p~)a t=  

u + l  
--I  n 

e-~=~; n = l ,  2, 3 . . . . .  N. (9) 

Let  the re  be a single f iber  of length 2l at the ve r tex  of the per iod para l l e logram.  The centers  of the 
f ibers  a r e  located at  the ve r t i ce s  of the per iod para l l e lograms ,  i .e. ,  at  the points Pmn = ma~l + no~ (m, n = 0, 
�9 1,~2, • . . . .  ) with the principal  per iods  cot and o~ 2 (Im 601 = 0, Im (~l/c02) > 0). As an example, I c t u s  con- 
s ider  the point P00 to be the center  of the local coordinate  sys tem (xl, Yt), and posit ion the f iber  so that it  is 
d i rec ted  at  an angle c~ to the Ox 1 axis.  

On the basis  of sys tem of s ingular  in tegral  equations (8), we obtain a single equation for  t h e  problem 
l 

[K(~-~l,p*)G(p,~)+L(~-~l)GiP,~)ld~=r~(p-p*)F(p*,~l); 10[<1 
--1 

in t e r m s  of the unknown function G(P,  4) in which 

K (x, p*) = ~ [ e ' %  (Xxe ~) + e-i=((Xxe -~) J + p*alX~x; L (~) =-~ [e-i ; • 

tr 2~C6Cr e ~ 3tO; tO; • (~ . xe -" ) - - k~e - '~ (Lx -  )+e-- '~l(~.xe-  )] +bike's; x=~--~l; ;~=2/]oh; 

al =-~-p.~l L[Z(1--p*--e-~'~+P*ez'~)Im r +-~le-2i=--P%le2'=]" 
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Fig. 3. Relationships between k l / k  ~ rat io and f iber-or ienta t ion  
angle ~ in plane s t r e s sed  state for t r iangular  (a) and square  (b) 
period grids.  
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h=x,=l~; f1=~0(n); a(p,~)=(2(p,t)& F(O*,n)=F(o*,t)l. 

Using supplemental equations (9), the s ingular  equation can be solved by the asymptot ic  method [L  5] in t e rms  
of the p a r a m e t e r  X, which was introduced ear l ie r ,  considering that the distance between the centers  of the 
f ibers is large.  

After  determining the unknown function G (p, ~)by the asymptot ic  method, we can derive explicit expres -  
sions for  the s t r e s s  intensity fac tors  k 1 and k 2 and the deflection angles e of the f ibers  in the form 

k~:~=fl(l,p,~,a,e); k2+-=f~(l,p,~.,a,e); 8=fa(l,p,~,cz) (10) 

on the basis  of Eqs. (5) and (6). 

In the case  of a double-per iodic  sys tem of r igid l inear inclusions, s t r e s s  intensity fac tors  were com- 
puted from type (10) equations for  the schemes  presented in Fig. 3. The computations were per formed for dif- 
ferent  values of the re la t ive  distance )t between the centers  of defects for a plane s t r e s sed  state and ~ = 0.3. 

For  the uniaxial tensioning of a plate at infinity, a reduction in the s t r e s s  intensity factor  occurs ,  as can 
be seen f rom Fig. 3a, for all values of X ~ [0, 1 ] in the range of var ia t ion 7r/48 < ~ < 57r/48 for  the case  of a 
t r iangular  period gr id  as  compared with a single isolated fiber, i.e., it hardens.  Optimal or ientat ions of rigid 
inclusions a re  observed for  ~ = 7r/12; ~ = 7r/4; eL = 5 r /12 .  Computations of the an t i symmet r i c  component k~ 
indicated that it differs little f rom kl for  an isolated in-plane inclusion. The s t r e s s  intensity factor  k~ can 
therefore  be used for s trength computations.  Note that a s imi la r  problem (see the d iagram in Fig. 3a) was 
also examined for uniform shear  by forces  ~- applied to a plate at  infinity, the la t ter  having a double-periodic 
sys tem of f ibers  positioned at the ver t ices  of per iodical ly  repeating t r iangles .  It is found that under this load- 
ing situation, the s t r e s s - s t r a i n  state of the composit ion for the period gr id  under considerat ion differs little 
f rom a s imi la r  loading for a single isolated fiber, s ince the maximum deviation of k t f rom k ~ when X ~ [0, 
0.71 is not m o r e  than 0.9" 10-3; the s t r e s s  intensity factor  in this case is the same as that for  a single i so-  
lated inclusion in an elast ic  plane. 

With the plate under  uniaxial tension, it hardens  for  all 0 ~ k -< 0.7 for  the case  of a square  period gr id  
as compared with a single isolated fiber for  a f iber orientat ion 7r/9 < a < 7r/4. 

In this case,  optimal orientat ions a r e  observed for  ~ = ~/6. As in the case  of a t r iangular  period grid,  the 
coefficient k 2 differs  little from k2 ~ for  an isolated inclusion in an elast ic  plane. 

It follows from calculations of the s t r e s s  intensity fac tors  obtained for the case of a plate re inforced in 
a s imi l a r  manner  (square grid)  and subjected to uniform shear  at  infinity that an inc rease  in the pa rame te r  X 
when ~ = 7r/12, ~r/4, and 57r/12 gives r i se  to a loss of plate strength.  
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Recent  studies d i rec ted  toward el imination of def ic iencies  in composi te  ma te r i a l s  with t radi t ional  r e in -  
forcing schemes  have resu l ted  in the c rea t ion  of ma te r i a l s  with var ious  pat terns  of th ree-d imens iona l  r e in -  
fo rcement  [ 1 ]. Use of this c lass  of composi tes  in design components r equ i r e s  m o r e  complete study of the i r  
mechanica l  p roper t i e s .  The presen t  paper ,  which is a continuation of our  work [2],  is t he re fo re  devoted to 
examination of ce r ta in  e las t ic  and strength p rope r t i e s  of a composi te  based on fabr ics  with var ious  schemes  
of th ree -d imens iona l  weaving. The paper  also evaluates the possibi l i ty  of computing the deformat ion  p rope r -  
t ies  of the components,  the i r  vo lumet r i c  content, and the g eo m e t ry  of f iber  a r r angemen t  in the composi te .  

A model  c a rbon - f i be r - r e in fo r ced  plast ic  fabr ica ted f rom a phenol b inder  and a f i l le r  in the form of an 
a l l - f ab r i c  re inforc ing  cage of carbon f i laments  consist ing of s ingular  low-modulus g rade  " U r a l - N - 2 4 "  f ibers  
se rved  as  the t es t  ma te r i a l .  A s t ruc tu ra l  d iagram of the r e in fo rcemen t  is shown in Fig. 1. As is apparent  
f rom the f igure,  the ma t e r i a l  under  considera t ion has a r egu la r  s t ruc ture ;  this makes  i t  possible to separa te  a 
ce r ta in  repeat ing th ree -d imens iona l  e lement  having the shape of a paral lelepiped.  

Uniaxial- tension,  tors ion,  and doub le - shear  tes t s  were  conducted on specimens  having the shape of two- 
sided blades,  rods  of rec tangula r  sect ion,  and bars ,  respec t ive ly .  The blades and rods were  cut f rom plates in 
two mutually orthogonal d i rec t ions  - along the weft f i laments  (along the y ax is ) ,  and along the root  (along the 
z ax i s ) .  The ca rbon - f i be r - r e in fo rced -p l a s t i c  plates  were  fabr ica ted by the method of impregnation in a vac-  
uum under  p r e s s u r e  in special  d ie-cas t ing  molds .  The thickness of the plates (h = 18 m m )  was equal to the 
height of the re inforc ing  cage along the x axis.  

The c a rbon - f i be r - r e in fo r ced -p l a s t i c  specimens  were  examined exper imenta l ly  in tension (~ = 5 
M P a / s e c  = const) and tors ion  (v = 0.003 r a d / s e c )  at  room t empera tu re  on a p rog rammed  testing machine,  
and in shea r  under  s imi l a r  conditions on a ZD-40 machine.  

The overa l l  r e in fo rcemen t  fac tor  (~E = 0.27) of the composit ion under  investigation was d e t e r m i n e d b y  
weighing the specimens  and measur ing  the i r  volumes.  The amount of r e in fo rcemen t  in different  d i rect ions  was 
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