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Elastic stresses and displacements in anisotropic
nonhomogeneous solids

Yu. Lozynskyy', Yu. Tokovyy? and C. -C. Ma®

12 pidstryhach Institute for Applied Problems of Mechanics and Mathematics,
National Academy of Sciences of Ukraine, 3-B Naukova St., 79060 Lviv, Ukraine
23 Department of Mechanical Engineering, National Taiwan University,

No 1 Roosevelt Rd. Sec. 4, 10617 Taipei, Taiwan ROC

An analytical approach for solution of the two-dimensional thermoelasticity problem for an infinitely long
orthotropic strip, whose material modulii vary arbitrarily with its width, is presented when the boundary
conditions arc imposed in terms of stresses, displacements or both of them (mixed boundary conditions). On
the basis of correct integration of the Cauchy relations, the displacements are univocally expressed in terms
of strains and the vital integral compatibility conditions for the latter ones are formulated. By making use of
the explicit solution of the rclevant problem in terms of stresses along with foregoing expressions, one-to-
one relations between the stresses and displacements on the boundary are obtained.

Keywords: nonhomogeneous solids, one-to-one stress-displacement relations, explicit solution

| Introduction

Construction of correct solutions to the problems of
elasticity and thermoclasticity with  different-type
boundary conditions (i.c., in terms of either stresses,
displacements, or mixed ones: when both stresses and
displacements are given on the boundary) calls for
establishment of the fundamental one-to-one relations
between the stresses and displacements which are valid
for all points of a deformable solid including its
boundary. These relations allow for bringing the
constructed solution in the agreement with fundamental
principles of the continua mechanics | 1] as well as for
treatment of all possibie cases of boundary conditions in
a similar manner. To obtain such relations, one needs an
explicit solution to the direct problem for cither type of
the boundary conditions. Obtaining of such solutions to
the problems of thermomechanics for arbitrarily
nonhomogeneous solids presents a challenge due to the
fact that the governing equations of these problems are
with unknown variable coefficients, which makes it
impossible, in general, to solve the problems by means
of classical techniques. To overcome this difficulty, the
method of integral equations can be employed [2],
which, along with the method of resolvent-kernel
solution, allows for constructing the solutions to the
elasticity and thermoelasticity problems in terms of
stresses for arbitrarily nonhomogeneous solids.

In this paper, we present an approach for solution of
a plane problem of thermoelasticity for an infinitely
long orthotropic strip with elastic modulii arbitrarily
varying from one its side to another under boundary
conditions imposed for displacements, stresses or both
of them. Establishment of the relations between the

“tokovyy@gmail.com

boundary stresses and displacements, which have been
achicved by correct integration of the Cauchy relations,
allowed for reduction of different types of boundary
conditions to the one case, when the tractions are given
on the boundary. Solution of the problem for the latter
case has been obtained in our previous works for
arbitrary dependence of the material properties on the
transversal coordinate [3].

2 Formulation of the Problem

We consider a planc thermoelasticity problem for
an orthotropic strip D = {(x, y) € (—o0,+x) x[-b,b]},
whose elastic propertics are arbitrary functions of
coordinate y . Here (x,y) and b are the dimensionless
Cartesian coordinates and a dimensionicss parameter,
respectively. In the absence of body forces, the problem
is governed by the equilibrium equations

ds_ 0o b, 0o,
< ~=0, —/—+——=0, (1)

x Oy ox oy

the compatibility equation

62(3_\_ aze‘, Bzen )
' ot oxdy @

the Cauchy equations
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and the physical relations

e =a,6+a,5, +o,7,
€, =a,0+a,0 + o,T, (4)

e.v\‘ = gcxy'

Here o,,0, and ¢,e  denote the stress- and strain-
tensor components, respectively, i={x,y}, u and v
are elastic displacements,

a;, :511/E.w a, :ﬁﬁlz/Ey —dy :_dZI/Er =4,
ay = 522/Ev +512/Ev = dzz/E_v +a,/E,,
4, =-—a, /Ey =-a,/E, g=1/G_,
L

~ {la ~ ~ V\\’
a, = a,, =+ a., =
l 22 12
l_ v:\‘v.r: ’ ll - sz w? va + V;\'V.V:’

~ Vr_r’ _ (x',\’ _ 0’)’
a, = o) = o, =
V(_l_ +V.V... a, +a.v, o, +OL__,VZ}_,

E . (y) and E (v) are the Young modulii in x- and y-di-
rections, respecetively, v, (y) denotes the Poisson ratio
describing the contraction in /-direction by extension in
J-direction (/, j =x,y,z), G () is the shearing modu-
lus in xOv-plane; o, (y) arc the linear thermal expansi-
on coefficients in /~direction (! = {x, y,z}), T(x,y) is
the given temperature field, 6 =c_+0, and the upper

lines under the left-braces in the foregoing expressions
correspond to the plane-stress state, meanwhile the
second one corresponds to the plane-strain state.

We intend to solve the set of equations (1) — (4)
under the following boundary conditions:

u(x,by = u,(x), u(x,—bh)=u,(x), s
v(x,h) =v (x), v(x,~b)=1(x) ®)
We also

assume that the thermal disturbance is local and thus the
temperature field, stresses and displacements vanish at
points of infinity | x |— .

imposed for the displaccments at v=+b .

3 Solution Technique

By taking the boundary conditions (5) into account,
the first and second relations of (3) can be solved for the
displacements as

2u(x.) = [ e,( y)sgn(x - ),
-, (6)
2v(x,y)y=v, v, + ‘[ e, (x,m)sgn(y —n)dn.

-h

By letting x —> teo in the first equation of (6) and
v =11 in the second one and taking conditions (5) into

account, we arrive at the integral conditions

£ h
[exyde=0, [e(xp)dy=v -v. ()
—h

—x

Putting (6) into the third equation (3) yields

o

d de (&, ¥)
L R
o %00 ety —mpdn )

—h

Equation (8) presents the integro-differential compatibi-
lity condition for the strain-tensor components. Note
that equation (8) is equivalent to equation (2) under the
following fitting conditions:

sgn(x— £)d,
- o)

dv, 1 7 de (E,-b) .
@ el [T sl -0

—r

v, 1% de,(2,b)
—_— ,b —_— ‘..-_x
o o) 2I 0

By applying the Fourier integral transform to
equations (7) and (9), we can obtain the following
relations

i de_(b
e (b)=isu,, e,(h)= AN isT,
b s dy
- J (b (10)
g (-b) = isit,, 7. (—b)- 06D i
b s dy
Here s is the transformation parameter, i? ==1 and the

overline denotes the transformation of a corresponding
function.

Note that the distribution of temperature and
boundary conditions (5) induce the normal and shearing
tractions

o, (x,b)=-p(x), o (x,=b)=p,(x),

. {1n
o,.(xb)y=q(x), o, (x,-h)=q,(x)
on the sides y==xbh We can manage to determine the

unknown tractions (11) by making usc of the solution
to the problem (1) — (4), (11) in terms of stresses [3],
which has the form

o(y) = 1_7|X| (N + DX, () + (?]X;(,V)
+, 0 (V) + A (V) (12)

where
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() =[(1,, shsb—1,,chsh) [, (¥)
+(1,, chsh—1,, shsb) f,(M]/ (sy),
L) = %[,/;,(v) + j S, Gy, é)dé] +

~b

+[(112 shsb+1,,chsh) f,(v)

~(1,,shsh+ 1, chsb) f,(»)]/ (s7),
1) =i[(1y, shsb—1, chsb) f,(¥)

+(1,, chsb— 1, shsb) £,(»)]/ (sv),

- f[fq(y) + ff,,(&)u(y,&)dg] N

+i[([22 shsb+ 1, chsh)f ()
~(1,, shsb+1,, chsb) f,(0]/ (sy).

X ()= 1,00+ j fER(,E)E,

{)”A(y)} | {chsvl j{chs&,} R(»,8) gt
L] " a0 lshs ] T3 shsz [T
1, Jp(V) .,Jp(&)

L) =4a0) 1+ [19(8) R, E)E,
/) o0 "’l@(&)

P()’):—l—_[{[d B (1) +s Bz(n)}hs(n v)chs(n+h)+

ay %

+57 (2B, () — g())chs(y —n)shs(ny + b)}dn ,

q(y)= L[S@B, (~b)—g(-h))shs(y+b)-

ay,

J.ii(d B (n)+s B, (n)JShg(y_ Nshs(m+b)+
dn’

+5* (2B, (n) - g())ch s(y ~m)chs(n+ b)}dn} ;

oy = ‘h +J o (&)-a (&.‘))T(&)shm—i)dé}

il

Iy ‘ fy(.yn I, fi(v)
- shsvdy , - ‘ hsydy
L\z} -'[y{fn(y”s e {122} J;{fB(y)}c S

a, +a a a
.,://’__]]’ — 21’ _22_11’
v=10y =11, B £ - B, . _Ei

¥ y v

R(E) =S Ky (18,

n—0

Koo==41 [Ms Bz(n)]shs(kn)shsmi)
ayy | dn’

+ 57(2B, ()~ g(m)chs(y—m)shs(n- é)}dn,

K, (08 = [K (50K, (,8)r,

(v, &) =[ (1o, () =1, f5(»))chsE
(IS =1, f,(»)shse ]/ v.

By making use of solution (12), relations (4), and
second equation (1), relations (10} can be given as the
following system of linear algebraic equations:

B M Hyy Hyg ﬁl im—‘i -7
Hop o Hap o Hay Moy l_iz _ l‘.SLT_z“Tz L
Hyp My Hiy Ha || G V=T,

Rg My Mgy By )\ sV, 1,
where

n=a, D)y, (0)=a, (), Wy, =a, (D), (b),
M =a, (O, (P), 1y, = ay (D). (B),
n =, (0N (=0) by, = ay (D)0, (D) —ay, (<)),
oy = a, (D)5 (=b), Wy = a, (=b)x,(-b),

i d
My = ==y, (D) (B) +a, (1)),
s dy

id id ,
Ky :;E(“u(b)h(b)), g :;9;(011([7))(4([7)),

= g(b) +£|:i(au(b)x_1(b))— isalz(b):|’
s| dy

Fd
My :L_(an(_b)Xl(_b))’H“ =

id
——(a, (=b),(=b
S de(a,,( (=),

i d
gz :’-—(an(b)X2(b)""axz(b))y
s dy

oo = 8(-0)+ _’_[i(a‘ (=004 (—b)) —isay, (Hb)j|’
s|dy

1, = a, (BT (h)+a,, (h)y, (b),
T, = al('b)f(Ab) —a,, (b, (-b),

- é%(a”(b);(r(b)+(x‘(b)f(b)),

ty =L Contp by + o, (DT ().
s dy

System (13) presents the one-to-one relations bet-
ween the stresses and displacements on the boundaries
y==xb of an orthotropic crosswise-nonhomogencous

strip. From these relations, we can find the boundary
tractions in terms of the boundary displacements, and
vice versa. This allows us to solve the problems with
boundary conditions in terms of stresses, displacements,
or ones of mixed type by reducing all of them to
solution (12).
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4 Numerical Example and Discussion

Consider an example of computation of the
unknown boundary tractions (11) in the strip (b=1)
with clamped sides (u, =v, =0, j=1,2) subjected to

two-dimensional distribution of temperature field with
the following Fourier transformation [4]:

T s° | cosh sy
~=+mexp| —— .
T, 4 )coshsb

0

The orthotropic elastic modulii have the following form

37

A A S S B B B
N
N
v
2k Ty - -
@ N
B Ao —d=1
= N X -
z RN =m0 =102
¥
g
K]
£
g
<4
0

longitudinal coordinale

Figure 1: Dimensionless (normalized by o E,T,)
normal tractions on the sides y =+b ofthe
clamped orthotropic nonhomogeneous strip.
(Curve /: p, at k=1; curve 2: p, at k=1,

curve 3: p, and p, at k=0)

In Fig. 1, the normal tractions are depicted versus
the longitudinal coordinate x for §, =1 . As we can sce,
for the case of homogeneous material ( k=0 ), the
tractions on both sides are equal for different ratio
between the constant elastic modulii. We can conclude
that greater values of &, causc the tractions of larger

magnitude at x = 0. The anisotropy effects substantially

in the distribution of tractions for both homogencous
and nonhomogeneous cases. Note that for the latter one,

when 3, :% {dashed curve 1), in contrast to the other

cases, the traction p, is compressive in vicinity of
x =0. This can be explained by the fact that longitudi-
nal thermal expansion is double of the transversal
expansion, which leads to the contractions in transversal
direction.

5 Conclusion

By means of correct integration of the Cauchy
relations along with an cxplicit solution for the problem
in tcrms of stresses, the one-to-onc relations between
the stresses and displacements on the boundary of an
orthotropic arbitrarily-nonhomogeneous strip are estab-
lished. This allows for solution of the problems for the
mentioned domain with various kinds of the boundary
conditions in one manner by reducing them to the
solved problem in terms of stresses.
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