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BENDING OF NONTHIN TRANSVERSALLY ISOTROPIC PLATES
WITH CURVILINEAR OPENINGS

Yu. N. Nemish and |. Yu. Khoma UDC 539.3

Theproblem on thespatial stress—strain state of anonthin transversally isotropic platewith a curvilinear
nearly circular opening is considered. The plate is assumed to be subject to bending moments on the
opening contour and at infinity. To solvethe problem, it isproposed to make mutual use of two well-know
methods — expansion of the displacement and stress components into Fourier series in Legendre
polynomials of the thickness coordinate and boundary-shape perturbation. The equationsand recurrent
relations necessary for solution of the problem in an arbitrary approximation ar e presented.

The conformal-mapping method [6] is used to solve problems of the classical theory of bending of plates with
curvilinear openings. The boundary-shape perturbation method [2-5, 12] turns out to be efficient for the applied theories that
employ the Helmholtz equations apart from the biharmonic equation. However, the applied theories that take into account
lateral-shear strains are mainly used to study the stress—strain state of thin (or average-thickness) plates. The present paper is
devoted to an approximate analytical approach to the study of the spatial stress—strain state of nonthin transversally isotropic
platesthat have curvilinear (noncircular) openings (cylindrical cavities) and are subjected to bending. This approach is based
on the method of expansion of desired functions into Fourier seriesin Legendre polynomials of the thickness coordinate [1,
11] and the boundary-shape perturbation method [2-5]. The combination of these analytical methods was tested on the
problem on the stress—strain state of a shallow spherical shell weakened by a small curvilinear opening [12].

1. Bending Equilibrium Equations for Nonthin Plates and Their General Solutions. Assume that a plate of
thickness 2h (h = const) occupying the domain Q = Gx[ —h,h] in three-dimensional space is referred to a Cartesian
coordinate system x; (i = 1, 2, 3). Following [1, 9], we will represent the components of the displacement vector u; and the
stress tensor oj; in the form of afinite Fourier seriesin Legendre polynomiasP, (€ ), i.e,

N
Y05 0= ZD'HZD ' (x), h it (x) P (8), (L)

wherex= (X, %) U0 G, €=h -1 Xz O[-1,1], uj( k) (x),and uj( k) ( x) areexpansion coefficientscalled moments. For the sake
of determinacy, wewill considerthaa N=2n+1 (n=0, 1, ...).

The system of bending equilibrium equations for the plate in the moments 0( M) has the form

o{2k+1) k
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=0
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I=0
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where fi( m) = % [og - (-1)" 03], 05 and o5 are the stress component on the front boundary planes x3=h and x3 = - h,

respectively, and summation is carried out over the index o from 1 to 2. The moments of stresses oij( M) and displacements

uj(m) arerelated as follows:

oke1)_, . 0uZKH duf?k ) ¢y 2 21 H
of?"Y=hpey i 2T o TTh 2 (41+1)uf?VH (12 2),
H 1 2 l=k+1 H

n 0
H l=k+1 H
2k+1 2k+1
c(ZK+1) Jp e ouf?** )+aU2( =
12 66 axz axl !
Jouf2o) 4 0
ol3k) = thDa—+—z(4|+3)u§2'+l)E (@=1,2k=0,1,..n). (1.3)
H % I'=k H

Here, ¢ (i,] = 1, 2, 3), C44, and cgg are the elastic constants of the material, and €1 = Cpp, €13 = €23, Cp1 = €19, 2655 = C11 ~ C1,
and

e(2k+l):aufzk+l)/axl+aU2(2k+l)/aX2. (14)

If we substitute (1.3) into (1.2), we obtain a system of equationsin the moments of displacement components. In a
complex form, it can be written as

ge(2k+1) (21)

0us”
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n n
1 C33
Cabui® g 5 (4143)85121ePTI-5 S (41+1) B0 1) 41570 =0, (L5)
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where A =402/ zd Zisthe Laplacian, z=x, +i Xp, u{ 2K* 1) = 02K+ 1) 4 j o {2K+1)

(k)_D_CM,Oglgk, ) |:| Cl3,0<|<k

= 5{K
P21 B Ci3, k<l<n, 21417 0 Caa, k<l<n,

_Hi(21+1), 0sI<k _0(+1)(21+1), 0<lsk

) (k
B2t" k(2k+1) k<l<n, agfds = D(|<+1)(2|<+1) k<l<n. (1.6)

(2k+1)_ o f(2k)_

The general solution of the homogeneous ( ;! 0) system of equations (1.5) can be represented by

the sum of the biharmonic u, potential Q,,,, and vortex wg solutions [10]. In the polar coordinatesr and ¢, it has the form
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r r

whereA =
AQ,-kAh ™2 Q= =
m— Km Qn=0 (m=12 ..,2n),
Ag-AZh ™ 26,=0 (s=1,2,..,n+1), (1.8)

inwhichthe parameters an1 and A2, which may bereal positive, negative, and complex conjugate, aretherootsof the corresponding

characteristic equations [11]. The constants 6(52 k) and 6(52 K*1in (1.7) have the following values:

52K = V2 k=1, 52k =gVs k=1, (19)
00, k>1, 00, k>1,
and
D=6CCllC33_Cl3C44 o__%3
1 45C35Cy 2 15cg’
2
g_ €C11C33 7 C13Cyy _C11C33~C13
V3 =105 ol c= CuCn (1.10)

Relations (1.3) in the polar coordinatesr and ¢ are represented by the formulas
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wherea; =a-2/3,a,=a-1/3,and a=ccy1/3 Cgg,

5(2k+1)282V3D' k=1,

D_
5(2k)=5a/ 5, k:
B >1, |:|O, k>1,

n
dwmnzﬂg%N+n¢+ﬂ§ z(m+nd”X
m Ce6 C6|:k+1 m

pr;Zk)—C—GGDC(Zk)+Z(4|+3) (2'”)5 g2 =4 Z(4I+3)b(2'+l) (112)
I=k
0

The constants 42X * 1) and d 2%+ 1) follow from d 2K+ 1) if ¢, is replaced by 1, + Cgg and €13 in thefirst term and cy3 by

C13 and ¢33 in the second term, respectively.
Using formulas (1.7) and (1.11), we can write boundary conditions on the contour Lg of radius R of the circular

opening. Let the components of the displacement vector UJ (©,8 (j=r, 0, 3) be specified on the cylindrical surface

1461



Rx[—-h,h]. Then, expanding them into a Fourier series of the form (1.1) and equating the expansion coefficients

Gj( m) (¢ ) on the contour r = Rto the corresponding moments uj( m) (r,9), weobtain

WP =w T e) @=ne),
u3(2k)(r,¢)%:R=G§2k>(¢), k=0,1,..,n. (113)

Similarly, if the components of the stress vector Erj (9, &) are specified on the surface Rx [ — h, h], we have the
conditions

old (o) __=cld "V (0)  @=r9),

ol (r o) __=0id¥(9). k=01..n (1.14)

Wheregrg m) (¢) and Gj( m) (¢) arethe moments of the specified stress and displacement components determined by the formulas

1
of™ @) = [ 5 (6,8) Py (&) dE,
-1

1

4™ @) =F [T (6,8)Pp(® dE. (115

-1

Let the biharmonic function u have the form

C m By O DA, B, O. .0
u=~Aginr+ Z Dljﬁn Dcosn¢+[,ﬁ+ L rsnnoé (1.16)
r rn- 2 r n-2
n=1 d O r O O

and the functions Q,;, and wg (depending on the values of the roots knz1 and )\52 of the characteristic equations) be represented as

follows:
real positive roots

R A L AT s S A A= SN (117

n=-—o n=-o
real negative roots

5 Dn(m)YnD—|k |D " ey D(S)Y i 3r 12 |D L1} (1.18)

n=-oco n=-oo
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(1.19)

Here, Ag, A, ..., En( S) are arbitrary constants to be determined from the boundary conditions (1.13) and (1.14) and K,,, Y,,, and

Hn( L) arethe cylindrical MacDonald, Neumann, and Hunkel functions. It should be noted that functions damped at infinity are
used in representations (1.17)—(1.19).

2. An Analytical Method for Solution of the Problem on Bending of a Platewith a Curvilinear Opening. Based
on the solution found, we will consider the problem on the stress—strain state of a nonthin transversally isotropic plate with
acurvilinear opening whose contour L differs slightly fromacircle Ly contour of radius R. To solveit, let us make use of the
efficient approximate boundary-shape perturbation method proposed in [2] as applied to the problem of determination of the
stress concentration near curvilinear openings in thin shells. Subsequently, this method was extended to three-dimensional
problems of the theory of elasticity for orthogonal noncanonical domains[3, 7], for homogeneous bodies with noncanonical
interfaces[8], etc. The development and generalization of the method [2] to problems of continuum mechanics are analyzed
in the survey [4] and the monographs [5, 8].

L et us assume that the smooth contour L of the curvilinear opening is described by the equations

x=pcosﬁ+sp_'coslﬁ, y=psin3—ep_'sinlf), (2.1)

wherex = x;/Randy = X,/ R are dimensionless Cartesian coordinates, p and & are orthogona curvilinear coordinates, and € and
| are parameters characterizing the shape of the opening. In complex form, Egs. (2.1) are represented as follows:

x+iy=w(l)=C+ef(L)=re'?, (2.2)

WhereZ:pei’s, f(Z):p_| e 119,

Since the coordinate system (p, 9, &) is turned at the angle 3 about the common axis & = x3/h relative to (r, ¢, x3),
the stresses 0,y ;- and the displacements u;: can be written with the help of formulas used for conversion of the components
of the stress tensor { a}, the displacement vector {u}, and the scalar function @in passing from the variablesr, ¢, and x5 to p,

4,and &, i.e,

3 3 3
G = 3 3 NikAjsOks: U= Y Al 9'=0
k=1s=1 k=1
(1,2,3~r,9,%3;1',2,3 ~p, 9, §). (2.3)

In Egs. (2.3), the following dependences hold:
o =0 (P9, 8), U= (p,9,8), @=9'(p,8)
Oks= Oks (1 9. %3),  Ue=Uc (1,0, %3),  @=0(r,¢,X3). (24)
For the transformation of coordinates being considered, the direction cosines A take the values
Ar1=App=00sB, App=-Ay1=sinf, Agz=1,
Ar3=Az3=0, A31=A3,=0. (2.5)

According to Egs. (2.2), the variablesr, ¢, x3 and p, 9, & are related as follows:
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Since the coordinate & = x3 h ~ is common for the systems introduced above, we have expansions in the variables

p, 9, and & similar to (1.1), i.e.,
N 1
0y z@ 2EEu““’(p 9),h o™ (p,8) Py (). @27

From here, we obtain the following boundary conditions on the contour L (p=1):
(a) for the displacements GJ givenonthesurfaceL x[ —h, h],

W2 (po)E  =ulZT(9) (1=p9). uP=ufZO(9), 29

(b) for the str%sesﬁpj. givenonL x[ —h, h],

oft V(0.0 | =off TV (9) (i=p9),

o5t (p.9)E _ =05 (9). 2.9)

Here, Gj,( M) (9 )and EFEJ-’,“) (9 ) are functions given on L and determined by formulas (1.15).

It should be noted that Egs. (1.8) inthevariables p and 8 in view of (2.6) will be rather complex and it is not possible
to find their solution with separated variables. Therefore, following [2-5], we will search for the solutions of the above
boundary-value problems as series in positive powers of asmall parameter €, i.e.,

ofM=S elof™V), uf™= )3 efuf™Y (inj=p,9,8) (2.10)
=0 =0
On the basis of (2.6), the exponents e "B and e2' B are determined by the formulas

e'P=3 eMQn(2), e*P=3 £Mgn(Q), (211)

m=0 m=0

where, according to the rule of multiplication of seriesin the sense of Cauchy, we have

an(4)= Y Qn (L) Qm-n (), (2.12)

n=0

and an arbitrary scalar function is represented by the series

00 (r,0)= 3 e"L1MoM (p,3) (213

n=0
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Note that the terms of series (2.13) are found by acting by the differential operators L(™ on the corresponding
functionscp(k) (p,¥), which are derived from (p(k) (r, ¢ ) by formal replacement of the variablesr and ¢ by p and 3. The
explicit form of the operators L(") and the functional coefficients Qm () are presented in [5].

Similarly to (2.13), we can represent the moments of the component of the stresses o,( m) (r, ¢ ) and displacements

uj( m) (r, o) by formulas (2.6) as complex functions of the curvilinear coordinates p and 4. Introducing the above-mentioned

expansionsinto the conversion formulas (2.3), allowing for the val ues of the direction cosines obtained from (2.5) and (2.11),
and equating the expressions with the identical powers of the parameter €, we obtain the recurrent relations

T
épm T)_Z[AS_T_I)Or(rm'I)+/\(2T_I)(0q£¢m'|)_0r(rm'|))+/\gT_I)0r(¢m’l)]’
=0

T T
A=+ A (oM o), o= 5 A D)
1=0 =0

T

0l V=3 (AL o™+ LALTD (ol D g m Iy, m=2ke1,

1=0
(2kr) T ( o (32k,|) ( |)Oqg:%zkl)
T— r T-
(2k 1) Z (2k,|)i/\6 0(2kI)E (2.14)
r3
for the moments of displacement components
(mr) i (t- I)Ur( o AT 1) U K
(m 0= Z@/\ qgml)_ (mI)E m=2k+1,
T
D= 3 AT ez, (2.15)
1=0
where /\k( n) (k=1, 2, ..., 6) aredifferential operators of the form
-1, (0 am-_1s L)
Al —ﬁL s /\2 ——E z ReqS(T_S)!,
s=1
T
(t-s)
(1) = (D=A{T—2AfD),
Ns=5 TEOTE A =N =205
s=1
(- L (=) AdD = L)
N :SZOReQS(T_S)!, = Z Isz Ty (2.16)

From Egs. (2.13), it follows that the moments of stresses and displacements appearing on the right-hand sides of
relations(2.14) and (2.15) arewritten based on their analytical expressions(1.7) and (1.11) inthevariablesr and ¢ by formally
replacing these variables by p and 9. For example,
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o1 = 2h262u“)_2V?h402Au(” h?

—a o au)
PP 3R2 ap2 R4 ap2 R2
2n o 2N+l (Do
2200 H D100y
5 gD oM g h? _ - q 2.1
m;m m amRzap DRZZ aprOBD @17

where the functionsu (), anl ), and (og ) are determined by the equations

amul=0 a0ll-k20N=0 Aw!)-piP =0 (2.18)
where

02 L1 1 9%

2_1.2 p2,.-2 2 2522
—+= , Km=kimRh7, =ASR°h - 2.19
ap pap p 632 % Hs S ( )

Hence, the solutions of Egs. (2.18) corresponding to representations (1.16)—(1.17) for the external problem may be

accepted in the form
® A(I) B(I) A(' B(I)
(l)—AO(')Inp+Z @@* S[cosn§ + inn9
n= p p

Qy)= z Ci™ UKy (kplp)e™,  afl)= z Ci= 1 Kn (slp) ™ (2:20)

n=-ow n=-oo

The constants An('), ;&n('), Brg'), -E:rf' ), Crgm' " and E,n(s' ') are determined from the corresponding boundary
conditions in the |-approximation. For the first basic problem, where the moments of the stress components are given on the
contour of the opening, the boundary conditions have the form

p%(zku)a (00(2k+1)+0(2k+1))D 0(2k+l)(3,8),

O(2k+1) = (5 0(2k+1 2k+ 160 — = (2k+1
Ops - )E_:(Gp{)( MR ))EL-U;E& *D(9,¢),

opt R = (020 + 2N =02 (9,0 @221
Here, Ggp(2k+ b, 089(2 k+1) and 00(2k) are the components of the principal stress state and 0(2 k+1) éﬂzk” 1) and
0&2 k) are the components of the perturbed stress state due to the presence of the opening.

It is obvious that in solving the boundary problem formulated, it is necessary, by analogy with formulas (2.10), to

represent the components of the principal stress state and the given functions Eépz'“ 1 (8,¢), 55,92'“ 1) (8,¢), and
Eépzk”) (9, €) asseriesin the small parameter €.
In particular, if bending moments a{{) * = M; and a.{3) * = M, (6}) ® = 0) are applied to the plate at infinity, then

the nonzero components of the principal stress state in the coordinates p and 9 represented in series in the parameter € have
the form [12]

6O =L (M M)+ (M, - M,) Doos29
Opp =5 (Mg +My) ( 1 2)%005
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€

+—EL [ cos(1+3)9 -cos(1-1)9] +
p

e”1” [cos2(l+2)9 -cos2d] + .
— - [
p2(I+1) 0

Gé)s(l)z_%(Ml_Mz)ngn25+%[sin(l+3)3+sin(|—1)8]
O P
£212

O
m[sinZ(l+2)3—sin28]+...D,
p

O

0(1) — 0(1 0(2k) - 0(2k) — _
0'19,9( )—M1+M2_0pp( ), O_pE( )—0_32( )—O, k—O, 1, ...,n,

ogn 2K =og{2kr D = g2(2k =0 k=1,2,..,n. (2.22)

Thus, if values of the moments of the stress components are known on the contour of the opening and at infinity,

then from boundary conditions(2.21), we obtain asystem of algebrai c equationsfor determination of the unknown coefficients
appearing in function (2.20).

In summary, note that the analytical method stated allows us to determine the three-dimensional stress—strain state

of nonthin transversally isotropic plates with curvilinear openings, mainly with prescribed accuracy. Therefore, the problem
may be solved through either increase in the number of terms of the Fourier seriesin Legendre polynomials of the thickness
coordinate or increase in the number of terms of the seriesin powers of asmall parameter.
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