EFFECT OF REINFORCING ELEMENTS ON THE GROWTH OF CRACKS
NEAR A HOLE IN A PLATE
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In designing and making sheet structural elements, it becomes necessary to evaluate the
effect of reinforcing elements on the stress intensity factor at the tips of cracks. A sur-
vey of the studies done in this area can be found in [2, 7, 12], for example. Despite the
practical importance of the problem, there has been almost no study of the growth of a crack
around a hole in a reinforced plate.

Below, within the framework of the hypothesis of continuous contact between a rib and
a plate along a line, we construct general representations of the solution of this problem
for an anisotropic plate. The problem is reduced to a system of singular integral equations.
We discuss the case of crack growth from the contour of a hole. The effect of the anisotropy
of the material and the stiffness and location of the reinforcing elements on the stress in-
tensity factors is examined. Corresponding results for isotropic plates are obtained by an
asymptotic solution in anisotropy parameters in a numerical calculation.

1. We will examine an elastic anisotropic plate of constant thickness h weakened by
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an elliptical hele A:={(f3>-F(€§> =1\ and a system of smooth through nonintersecting curvi-
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secting rectilinear segments [, = (=T @)= +pBexp(iv) |B|<!} (OO <2 s=1,m by
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stiffening ribs (stringers). We designate L=UJL;, r= Ur, - We direct the normal
=
n to the right with the positive circumvention of L, T.

s=1

Let the plate be lcaded by a prescribed system of external forces. The ribs are loaded
at the ends t**(z1) by forces plexp [i (¥, + )], Plexplitt)] (s = 1, m), respectively.

We will assume that the cross section of the ribs and the thickness of the plate h are
small compared to the length of the reinforced sections; the plate is in a generalized stress
state; the ribs are continuously attached to the plate, lie in its middle lane, and work only
in tension-compression [6, 12]. The edges of the slits are free of external forces and are
not in contact with one another. We will assume that all of the slits are internal. A gen-
eralization to the case of slits originating from the contour of the hole is given in Part
2.

We will use r{fy={r:(f)]|i=l'ss s=1, m} to designate the contact forces transmitted from
the ribs to the plate, and we will examine r(t) as body forces in the plate (the positive
direction for rg(t) coincides with the direction of the vector expli(d,-+n)]) -

The stresses and displacements in the plate can be expressed through two analytic func-
tions &,(z,) [8] satisfying the prescribed system of external forces. The boundary conditions
on L and T can be assigned in the form [6]

a(O)PE () + b BE() +PE() =0 (HEL);
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Here, the plus (minus) corresponds to the left (right) edge of Lj, T's with movement from the
beginning aj = tJ(~1) to the end; by = ©I(1) (§ = 1, k + m); ¥ = ¥(t) is the angle between

the normal 7 to the left edge of the slit L at the point t and the axis x; uf, vi, e,

ot, Tin are limiting values of the displacements and strains along T and the normal and shear
stresses; p, are the roots of the corresponding characteristic equation [8].

We augment Eqs. (1.1) and (1.2) with conditions of strain compatibility between the rib
and the plate e along the contact line I'g (s = 1, m)

e=P(f) + | ¢t r@)ds;
I

Pty=PLEFY™, t=7T@); t="@) (=T my

. (1.3)
(EsF)™ (8" B);
B1=0 (pks) k()= (=3
0 (B <)
where Eg, F¢ are the Young's moduli and the cross-sectional area of the s-th rib.
We represent the function ¢,(z,) as the result of superposition in the form
Py (z,) = ¥ BI(z,). (1.4)

~.

Here ®',(z,) is the solution for a crack-free plate with an elliptical hole which satisfies
the prescribed system of external forces (including the boundary conditions on the contour
of the hole and at infinity). We will assume that ¢!,(z,) is known [8].

Proceeding on the basis of the solution of the problem of the action of a concentra-
ted force at point 1 of an infinite anisotropic plate with an elliptical hole free of external
forces A [4, 8], we seek ¢',(zy,) (j = 2, 3) in the form

O e o e S }"‘)‘f‘“ )
Ze=0,E)= a—;M"b L, + a+2iuvb ;V s Le=0(g) = 2”+V:3—_W ,
N, =&, (1) L, (00)= oo; lv:i:i:—%’-__}la%'; n"::ﬁj'“—}:si (v=1,2),

where Q*,(t) are unknown complex functions on L; r(t) are the contact forces of interaction,
while A,(t) with el (s=1, m) are determined from the system of equations

Im (V) 424, = by (4™
v=1

by = — (5008 T, + @pesin?,)/@py; by = — sin v

by =cos ¥y, b; = (@ec08 P, - ap,sin 3,)/a,.

Using the relations Q,(t) = —2miQ¥(t)/M,(t), dt, = My(x) ds (ds is an element of an
arc), we represent ¢3(z,) in the form

. (1.7)
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The functions cp%(z\)) (j =2, 3) determined by Eqs. (1.5), (1.7) satisfy the boundary condi-
tions X, = Yp=0on A and (1.2) on T and decays at infinity. Thus, the choice of the functions
¢,(z,) in the form (1.4) automatically ensures satisfaction of Egs. (1.2) and the external

loading conditions.
2. With allowance for (1.4-1.7), boundary conditions (1.1) can be assigned in the form
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After certain transformations, the strain compatibility condition (1.3) can be written
in the form
Re { Fenr@ds | g mo @dsl - K¢ reds =0
Pt i o (2.2)
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TABLE 1

| N
f P 8 1 16 24
1 0,2 1,272 1,262 1,262
1 0,687 0,677 0,671
2 0,632 0,654 0,654
3 0,2 1,340 1,233 1,231
1 0,731 0,701 0,694
2 0,662 0,661 0,661

In conformity with the assumptions made regarding L, the kernels Kj(t, ) (j =1, 5),
f*(t, t) are continuous.

In addition to (2.3), (2.4), conditions expressing the nonambiguity of the displacements
in the circumvention of the crack Ly and the equilibrium of the rib located along T must be

satisfied [6]:

{Q@dr, =0 (=T %, (2.3)
L

, m). (2.4)

o

}{,(r)ds:P;—Pg (s =

In accordance with the assumptions made regarding L and I', Egs. (2.1) and (2.2) consti-

tute a system of singular integral equations having an index equal to "1." With the addi-
tional restrictions (2.3), (2.4), in the class of functions
O =20@ 1= =t @) (=1TFFm) (2.5)

where x%;(R) is a bounded function continuous on [—1, 1] in accordance with the Holder con-
dition, a solution of the system exists and is unique [3].

The limiting cases of the problem being examined: a reinforced half-plane (x > 0) with
a system of curvilinear slits (b/a » «); a reinforced infinite plate with a rectilinear slit
A= {|x| < a; y = 0} and a system of curvilinear slits Lj (b/a = 0).

In the customary manner, we reduce the solution of system (2.1-2.4) to the solution of
a system of linear algebraic equations relative to approximate values of sought functions of

2p—1 —
the form (2.5) at Chebyshev noages ﬁ;==c05(—é%v—— 4rj(P==1,AQ. Theoretical estimates of the

the convergence of this numerical method are given in [1], for example.
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If the end ap = tP(~1) of the slit Lp reaches the contour of the hole A, then condition
(2.3) is not satisfied with j = p because the connectedness of the region changes. In this
case, the condition should be discarded, while potentials (1.7) and the integral equations
are refined by a familiar method [9]. To numerically solve the equations which result in this
case, below we use a simplified procedure [9] based on representation of the sought after
function in the form (2.5).

3. Representations (1.4) turned out to be an effective tool for determining the stres-
ses in the neighborhood of the tips of internal and edge discontinuities in reinforced and
unreinforced anisotropic plates with an elliptical hole A.

Below, for the case of uniform tension by the forces ¢*y = o, we present certain results

of calculations of the stress intensity factor for tensile stresses kizzlhnchEE} at the tips
{—c

c of a crack (t is a point lying on the continuation of the crack beyond the end ¢ along a
tangent, r = |t — ¢[) in a plate made of a glass-epoxy composite (E; = 53.84 GPa; E, = 17.95
GPa; G,, = 8.63 GPa; v, = 0.25) and an isotropic material (v = 0.33). The values of k, were
calculated by the formulas presented in [6]. Data for the isotropic material was obtained
from an asymptotic numerical solution in anisotropy parameters.

Let L={t!(B)=a+2A+I1(14B)| || <<1} be an internal crack on the axis X in an anisotropic
plate. The principal directions of anisotropy E,;, E, coincide with the axes X, y, respec-
tively. The plate is reinforced by a stiffening rib along the segment I'= {72(B) =a-+A+-ipB|
|Bl <1} passing through the middle of the bridge of material between the tip of the crack
71(-1) and the hole A. Figure 1 shows the dependence of the correction factor k* = k;(~1)/

k, (k, = ov/m%) at the left tip of L on n = p/a (2p is the length of the rib) with &/a = 1,
m=a—>bf/a+b=0 (circular hole), u = E;ha/E°F% = 0 (curves 1-3). The solid (dashed)

lines pertain to the case A/a = 0.1 (0.5). The length of the rib p and its relative stiffness
u depend appreciably on the value of k*., The limiting case n =0 gives the solution of the
problem of an internal crack in an unreinforced plate with a hole. At m = 1 (two cracks sym-
metrically located relative to the rib), the results of calculations agree with the data in
[6]. Our calculations demonstrated the good convergence of the algorithm. With a =1, m =

0, A = 0.1, and u = 0 (see Fig. 1), Table 1 shows the values of k* for different ¢ and p. The
crack and the rib were subdivided by N = 8, 16, and 24 Chebyshev nodes. The accuracy decreas-
es somewhat with a decrease in A and an increase in u.

Let Lig={t2(B)==+[a+ (1 -P))/|B|<1} be boundary cracks originating from the contour
of the hole at the vertices of the ellipse (#a, 0). The plate is reinforced by stiffening
ribs along the symmetrical segments Iyo={t™@)= W+ ipf/|B|<<l} (W >a+2).

Figure 2 shows the dependence of K = k,/k, (k, = o/n(a + 21) — the stress intensity fac-
tor at the tips of an "equivalent" crack L* = {{x| < a + 22, y= 0} in an infinite unrein-
forced plate from the action of the stresses ¢, = ¢) on n = p/a at § = 2¢/a = 0.1, 0.5, and
0.9 (curves 1-3), w=Wa =2, u=1, and m = @, At n > 3, the values of K are relatively
constant. At n = 0, we obtain the solution of the problem of two boundary cracks in an un-
reinforced plate. The solid (dashed) lines here and below pertain to the case when the prin-
cipal direction of anisotropy E,; of the plate material forms the angle ¢=0 (n/2) with the
axis x.

Figure 3 shows the dependence of K on § with w =2, u=1, n = 2, and different values
of m=1; 0.5; 0; =0.5; —0.9 (curves 1-5). At m = 1, the calculated results agree with the
data in [6].

The calculations show that the value of k, depends appreciably on the anisotropy of the
material, the stiffness, length, and location of the reinforcing elements, and the form of
the hole. With an increase in the degree of anisotropy E,/E,, the difference between the
values of k; at p==0 and ¢=m/2 increases. It follows from analysis of the curves in
Figs. 2 and 3 that it is not always possible in calculations to examine the given effect
(hole — boundary cracks) as an "equivalent" crack, as is usually done in practice.

Many investigators (see the survey in [5]) have examined the Bowie problem concerning
radial cracks_reaching the edge of a circular hole in an isotropic plate. Table 2 shows val-
ues of k,/(ov2m%) calculated at the tips of one (k = 1) or two (k = 2) boundary cracks L,,,
originating from points (ta, 0) of the contour of a hole in an unreinforced isotropic plate.
The values were obtained for the case of N = 8.16 Chebyshev nodes and different § = 2%/a by
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=1 | k=2

l
6 N . N=16 \ [13] \ N=3 ‘ N=l6 l 8]
0,01 3,288 3,292 3,291 3,289 3,293 -—
0,1 2,769 2,772 2,771 2,782 2,785 2,780
1,0 1,305 1,306 1,306 1,470 1,471 1,471
10 0,779 0,780 —_ 1,048 1,049 1,049
o= 0,707 0,707 _ 1,000 1,000 1,000

finding the asymptote for an isotropic medium in a numerical solution. The results are com-
pared with data from [10, 12] for different crack lengths. The data in Table 2 shows the high
degree of efficiency of the simplified algorithm for numerically solving the integral equa-
tions of the problem in the case of boundary cracks: there is no loss of accuracy for short
cracks; to obtain a result that is accurate to within 0.17, it is necessary to have approx-
imately 16 Chebyshev nodes in the solution of the corresponding equations.
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