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MICROCRACKS WITH PREFRACTURE ZONES IN THE VICINITY
OF A RIGID INCLUSION

M. H. Stashchuk UDC 539.3

We establish general relationships for the analysis of local stress fields induced by small cracklike de-
fects and inclusions in the vicinity of a macroscopic rigid inclusion, determine the asymptotic solutions
of the corresponding singular integral equations, and construct an analog of the &-mode! for small

cracks in the vicinity of a macroscopic inclusion or a crack. We also present formulas for the numerical
evaluation of the parameters of the 8;-model for a microcrack perpendicuiar to the macroscopic inclu-
sion.

The processes of initiation and propagation of cracks in materials are, as a rule, induced by technological and
in-service defects. The cases of two or more interacting unequal cracks [1-3] and cracks interacting with rigid in-
clusions [4, 5] were studied in detail by the methods of the theories of functions of complex variables and singular
integral equations in the two-dimensional formulation. However, the major part of results known from the literature
can be described as asymptotic solutions of systems of singular integral equations obtained for sufficiently remote
defects and the available numerical data accumulated for close inclusions and cracks of different lengths cannot be
used instead of the analytic formulas required for the construction of criteria used to monitor the processes of initia-
tion and propagation of fracture near macroscopic defects. In [6], the singular equations suggested in {2, 3] were
solved by the method of two approximations for the case where one crack is much longer than the other cracks lo-
cated in its vicinity. The stress intensity factors near a macroscopic rigid inclusion in the material surrounded by
small cracks and inclusions were estimated in [S]. In this monograph, one can also find numerical values of some
other parameters of fracture mechanics.

In the present work, we obtain asymptotic solutions of singular integral equations for a large rigid inclusion in-
teracting with short rigid inclusions and small cracks with prefracture zones at their tips. These solutions are then
generalized to an analog of the §;,-model [1] for a system of small cracks interacting with a macroscopic defect.

Statement of the Problem. System of Basic Integral Equations

We consider an infinite elastic homogeneous plane containing a large defect (a perfectly rigid inclusion or a
crack). A coordinate system xOy is related to the contour L of this inclusion so that the latter occupies a segment
{ x| < 2l,. This inclusion is surrounded by N arbitrarily located small curvilinear defects (m cracks and N —m

rigid inclusions) with contours L, (n=1,2,3,...,N). Each of these small defects is related to a local coordinate

0

system x,0,y, whose origin coincides with the center of the defect z, = X0 4 y?, and the O,x,raxis is directed

along its tangent. We assume that the defects are disjoint (see Fig. 1) and the crack contours are loaded by forces
that are not self-balanced, namely,

NE@) +iTh@) = p,(t) £ ¢.(1), n =0,1,2,3,...,m )

Moreover, the derivatives of displacements
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Fig. 1. System of small cracks and inclusions in the vicinity of a macroscopic defect.

202‘:—(14,?—1'1)5) = ) tgt), n=0m+l, m+2,.. N @)

n

are defined on the contours of the rigid inclusions. At infinitely remote points of the plane, stresses and rotations are
absent. In relations (1) and (2), the upper and lower signs correspond to the limiting values of stresses and displace-
ments on the opposite lips of the defects, 1, is an arc coordinate on the contour of a crack (inclusion), and G is the
shear modutus of the material. For each defect, the projections X, and Y, of the principal vector of forces onto the
O,x,; and O,y, axes are known. It is necessary to determine the stress-strain state of the elastic plane with this

system of defects, the stress intensity factors in the vicinity of the tips of stress concentrators, and the sizes of pre-
fracture zones near the tips of small cracks.

If we now introduce the following notation common for the first and second main problems of the theory of
elasticity:

{—qul([ll )' '-2pn([n)}? p; =-1,
{Gu(Pp 12 FolPrr 1) } =

28,06, 2 f1t,) ) Pr =X

then the system of singular integral equations guaranteeing the validity of the boundary conditions (1) and (2) takes
the form

N —_—
> j[Knk(’k»’,'xlp:’P:)Qk(fk’Pz~Pk)di + Lyt ) Okt pis p1) AT,

k=017,

n

+ M, 1) Gprs 1)dT ) = ~Epr. ), thel,, n=0,1,2,3...,N, (3)
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where

Gi(Pi ) = Gi(pr. 1)

Ot P Pr) = .
Pr — Pk

G, (py. 1) are unknown functions of the jumps of displacements (for cracks) or of the jumps of stresses (for inclu-

sions), K, (t. 0o Pr Pr)» Lue(fe.10), and M, (1, ;) are the kernels of this system of equations given by the
formulas

o [ e or N
P ’ * * [4 + d T, — T \
Kok (ts b s P1) = — {__p,, D 4 ‘—‘( . —Tﬁ) }

-7, a7, -1,

i, d (T, =T , ie dT’
L (1, 1) = ie™ — X 1| M (., 1) = ——== —2 4
nk(k n) dT;,I(T}(—Tn') nk(k n) 7}(_7;; dT;z ()

Ty = nexp(ioy) + z?, o, is the orientation of the kth local coordinate system with respect to the Ox-axis, the pa-

rameter p: (pg) isequalto —1(yx) for the case of a crack and to ¥ (- 1) for arigid inclusion, y = 3-p)/(1 + )
for the plane stressed state, X, = 3 — 4y for the conditions of plane deformation, and L is Poisson’s ratio.
The solutions of system (3) must satisfy the following generalized conditions:

[ G )T, = i—2Po (X, 4iY), n=0,1,23,....N, )
L, Pn —Pn
guaranteeing the uniqueness of displacements in the case of cracks (p, =—1, p, =) and determining the projec-

tions X, and Y, of the principal vector of forces in tracing each contour L, in the case of inclusions (p, = X, p, =
—1). If conditions (5) are satisfied, then the integral equations (3) are uniquely solvable in the class of functions un-
bounded at the ends of the defects.

Without loss of generality, we solve the problem under consideration for the case of rectilinear crack-like de-
fects. We pass to dimensionless variables # = ;T and 1, = I,n, where [, and [, are the half lengths of linear
defects, and regularize the system of singular integral equations (3) according to [8). As a result, in the case where

the contours of the defects are subjected to the action of self-balanced forces (i.e., for G,-(p:, ;) = 0), we get

. ¥ 1 2 *
- 1-1° Fy(pg: gt
Go(po: lgn) = i(Po — Po) -y J‘ y T_0(15)0 L) 4.
{

2mpylg V1=

/ l e
+ 2 ;——I(;)T" _[ LG (Pis LD Mop (BT Lo Py Pr) + GrlPis 4T Now (4 T, lon)]df}, (6)
k20 Pk ~ Pr-1 7

tel< 1, Int<,

Gn(pn; lnn ) =

l(pn—p;) [_[ JL VI—TZ 1:;1(ptz;ln’t)d,t
2 ”4 ~1

1

27{9;2[,, Vl -n
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I L
+ o : o J.[GO(pk; Moot L0 pas Po) + GolPo; by D N (T, [y ] dt
0~ Po g

1

& -
+ Z “)—kp*— ,[ [Gelpr: LOM oy (b L P P) + Gr(Pis BT Ny (T, lnTI)]dT} Inl<1, (7
=1 ¥k = Vk-1 4

M (b Lns Py PR) = -

lafn f /l _ &2 ( .\ p: )da,
k

Nt (e, n) = d&, (8

(T =Te™ j J1-¢
mE -

i) ° & -

2
T.)
where

Oy = Oy — O, Tnk = ela"k [T[k - dﬂk el(ak_B"k)]a

dyy is the distance between the centers of the nth and kth defects, i.e., z,? - z,? = dy é ﬁ'“, and By is the angle de-
termining their mutual orientation. The regularized representation (6), (7) of the system of singular integral equa-
tions (3) is convenient for the construction of its asymptotic solutions.

Asymptotic Solution of the Basic System of Singular Integral Equations

We assume that all small defects located in the vicinity of the large defect have equal lengths [, = [ (k =1, 2,
3,..., N) and construct solutions of the system of equations (6), (7) in the form of series in powers of the small pa-
rameter A = I/l;:

Go(Pos o) = Y, Goplpo, MV, 9)
p=0

Gu(pns M) = Y. Gup(pr M)A (10)
p=0

The expansions of expressions (8) in power series of the parameter A have the form

Mo (T, loM; pg. P) = 3, mogp ¥y Nog(IT, [pn) = ZnOkp
Mo(lpT, In; pr. pg) = z mygp N Nowllgt. ) = Y myo, 4, (11)

Myt iniphpi) = > m, A Nyt = Y g, 2,
p=1
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where

e ) 1 2 1 )
* * * 1 . 1 - d % i 3 1- d
Mop (T, M3 Pos Pr) = ’en t”{poe”“‘ J’ \/T g +p epakJ‘ v1-§ E)pﬂ}

; =
S E-mE-ud)r! L E-mE-u)
(12)
no (1) = 2e7'% 0 Yk 1P J’ vl [ o P . [y psina, e_i(p—l)ak:|d§
Okp\ & - = 0 ’
e-dr T -
] * e—ia" p* p*
"op(T: T Po- Pid) = i {(Tkolgl)p ’ (Tkolf;l)p Ap-a(.
(13)
i(lk T -1 _ T -1
Mop(T ) = “——p “();20161);2‘10 H, (1),
1(1“ * lpOl 1 2 =iy p-1
* % p l_g (& — Te )
nkp\ > Wb Pro = ; d
My (T, W5 P Pi) = o I:(/?_“n)p_( i n 3
N Ty | ol (et |
(& k -, )p E-n
(14)

nnkp (Tv TI) =

Zeiak" —1pa‘ J /1 _ §2 (& Te’ank )P
)P

i (‘;?— &-1

N [_P..<'re““"" -%)

oo m{e® @ -7} + ip - l)Tsinank}
(@ ~ )

and u = z,? [ly. The values of the singular integral in relations (13)

Lop P
1 ¢ i’yl-1
Hym) = = [ ———dx,
ndooT-m

[nl <1,

are given by the well-known recurrence relations presented in [9].
For the convergence of series (9)—(11), it is necessary that

< 1,

T— U

where |1} < 1.
By substituting relations (9)—<11) in Egs. (6) and (7) and comparing the coefficients of the same powers of the

small parameter A, we arrive at the following system of recurrence relations for the coefficients of series (9) and
(10):
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i(pg — Py) j\/ Fo(POvT)d,'.

27500\/1“11~

Goo(pg-M) = -

. N N / 1 S—1
Gos(pg-M) = t(rio 00)2 Yy & J{Z[ka(pk,‘r) Mogs—1-p + ka(pk,t)no,(s_l_[,]}dt, (15)
2np0\/l—n k20 Pk Pk 2y p=0
k=1

~p}) {J\/ F,,(p,,,t) L —— }

dt + J[Goo(POv WMaor + Goo(Po, Dty | dt
Po— p() -1

Gn()(pn’ Tl) =
21tp,,\/1

(16)

i(Py = Pn) N
GnS(pmn) = B * J- Z GOp(p()v T)mnOSH r + GOp(pO*T)"nOSH p]dT
2np, \/l - Po = Po Z p=0

N !
Z x .[ GipPis DMis—p + Gip(Pies Dys—p dT ¢
k= pk —~1

k#

In the general case of biaxial tension of the plate by mutually perpendicular forces with intensities p and ¢
such that the forces p are directed at the right angle to the Ox-axis, it is necessary to assume that [4]

Fy(py 1) = 05p[(1-p)(1+mg) + 2(1 - mg)e "] + 4iGe,, n=0,1,23,....N, T =

<

, (a7

on the contours of the defects, where €, is the angle of rotation of the nth rigid inclusion (for cracks, €,=0). By
substituting (17) in the recurrence relations (15) and (16), we deduce explicit expressions for the coefficients of se-
ries (9) and (10), i.e., construct the required solutions of the basic integral equations.

The indicated type of biaxial tension of the plate at infinity corresponds to the action of a self-balanced load
given by (17) upon the contours of the defects, i.e., to the validity of the equalities G;(p;,t) =0, i =0,1,2,3,...,
N. By using conditions (5), we can now show that

I

j [GeoPis Do + Geolors Droro]dt = 0. (18)
1
Similarly,

l —— el

HGki(Pksf)mom + Gy (Pr» Diggo Jdt = 0, (19)
2

l —_—

J‘[Gko(Pk’ Dty + Gro(Prs Ditgy ]dT = 0, (20)

-1
In view of relations (18) and (15), we obtain

Goi1(Pg,M) = 0 @n
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and, according to formulas (15) and (19), the next coefficient of expansion (9) has the form

- * 1
— l -
l(p*o pO)o " “Gko(kaT)mom + Go(Pr Dy |t (22)
2np0\/l =N k=0 Pk ~ Pr

Gp(pg.n) =

Therefore, to compute the coefficient Gy (py, 1), it suffices to know the quantities Gyo(py, n). Note that if

the forces are uniformly distributed at infinity, then the quantity £, (p;, T) does not depend on T and we can set

Flpre- ™ = 50%)- (23)

Substituting equality (23) in relations (16), we get

. 5 1
- . i —
Gro(Pr-M) = M)—?{Mk(m)ﬂ + : “Goo(Pk, Tmyqg; + GOO(pk’T)”kOI]dT}- (24)

2npr1-1° Po ~Po

Similarly, by using equalities (20) and (21) and relation (16), we find

. _A* i
Gri(pism) = oy — i) - | [Goo(Pos Dmecn + GooPar Dy J . (25)

2mp} (o — Po)N1 =2 0y

According to formulas (12)—(14), we have the following expressions for the quantities m;;; and n;;; appearing in re-
lations (18), (22), (24), and (25):

0 0 k 0 |
NM—%  N-—y L n-u

* % o 5 ' * * *_\/u02_1 *V(;az“l
mOko(‘c,T];Po,Pk)='£T[VTl2—1( p00+ Pi ]—(Po““Pk)—Po—l““—P V) -1

0
Y-l 1-ng

M=) (m-ud) @) -1

2 0
. i | AN —1 - nuy ]
+ pke [ = + —— —— ,
M-u)  (-ul)P ) -1

2e~"a"y0{\/n2—l N l-nu,? }

b [-wl (- -1

* % L 0oy * IO,
Mo (T, M Po» Pr) = iTe ‘{Poe {

(26)

nogo(T,M) = —

ie_,-a{z -1, 2 ) -0’ —3u2+2}

noe (T, M) = ~21e7' ~0\3 ) 3,0 \3/2
b M-w) (g =) (% = 1)

I’ -1 + — ““;‘z l
(=1 (@ ) -1

+ SinO(k |:
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. e-iak p* p*
Mmoo = 0, mgo = 0 iy (T, M5 gy Po) = — i ( 4+ -—k-xj‘%

Teolo Tl
—iC(k * *
LAE o Fy € | 2 Po Pi
kaZ(T’ 5 Ps pO) = T (- -Mn )li — + J, (26)
P2 (Tl (Tl
iak T iak _ B )
o1 (T.M) = E—-_[—TKQ'—I n—l’ (T, M) = 26—_—— -t )05 - «Pz'
£\ Lol i ! Two ) (Tioly )

If we now substitute relations (26) in expressions (22), (24), and (25) and compute the corresponding integrals
by using representations (9) and (10) with an accuracy of up to the terms of the same order of smallness as A°, then
we obtain the required solutions of the basic singular equations (3). These solutions can be used to determine the
stress intensity factors near a macroscopic defect interacting with small defects (cracks and rigid inclusions).

Stress Intensity Factors Near a Macroscopic Inclusion and Microdefects in Its Vicinity

To determine the stress intensity factors near interacting cracks and inclusions and in the vicinity of a macro-
scopic defect, we use the following formula [5]:

K - iKG, = +—P 2l lim v 1-12 G, (0 1), @7)
l(pn —pn) -+l

where the upper and lower signs correspond to the right and left tips of the defect, respectively. The moments of
forces acting against the rotations of rigid inclusions can be found by equating the angle of rotation of the rigid in-
clusion to zero. Similarly, the angles of rotation are determined by equating the principal moment of forces acting
upon each inclusion to zero. Thus, in particular, we have [5]

* 1
M,, - P - [3 Re{ J‘ nl:ﬂgp_ﬂi_l"_nl —_ Gn(p”, [nn)]dﬂ} (28)
Pn —Pn -1 n

Substituting the explicit expressions (9) and (10) accurate to within the terms of the third order of smallness
with respect to A in relations (27), we arrive at the following expressions for the stress intensity factors:

Kiy — iKjjp = 0.5:[rly {50(p5) +
k=1,
k#0

5 ol Py py e’ ™ Pi
— Ak(pk’po)!: + 5./
8 @ —uN@d -1 @ —u,?)\](u,?)z -1

(1) — i)l +1)e 2% |- e 2%

e Y S RS B 0N P I

+M@ﬁb{ ] + 0Ny, (29)

where
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-2igy, 0 0
P * — 3 1 U
Apr P0) = s(P)| (l - —_ﬂ———} + _*(1 _ L H

0 0 0
| -2iay iy ~2ia Uy = Uy 2
+ s(pg) (e 7" ‘1)[1 - ———”—] —e T —————| = (), (30)
PrPo (“I? 2 ( /(ug)z _1)3 Pk

and

Ky — iKi, = —025\n, [ piAcpi. po) + 0.5AB,(p}, po)] + O), 31)
where

_i . —Ziak * 2iak
B(pr. p0) = € M {5p(pp)| —m———— + P <

N L )

2500) [, _ -2 _3(,,,9_“,?)52"%]} (32)

_ po(V G - 1) 2() - 1)

Similar relations can be deduced on the basis of formulas (27).

By using relations (29)—(32) and taking into account the terms of the same order of smallness as A2, we can
now compute the stress intensity factors for all orientations of a microdefect near the tip of the macroscopic defect.
A large collection of numerical data of this sort can be found in [5].

Analytic Relations of the §-Model of Small Cracks Initiated in the Vicinity of a Macroscopic Defect

The applicability of the asymptotic method is not restricted to the case of brittle materials. Thus, we consider

the following function Fy(p;, #,) specifying the boundary conditions on the contours of small defects:

. s (PR a <t<a,
FPete) = (33)

Sk(p;:r) —2(06g +ity), -l <l< a,:,a,: <t <,

where a,"f correspond to the inner boundaries of the prefracture zones, the quantities sy (p;) are determined from

relations (17) and (23), and G, and T are, respectively, the tensile and shear strengths of the opposite lips of small
cracks.

If we now substitute the loading function F(p}, ;) in relations (9) and (16), then we get

) , T * * * * 4 (8} + T 1"‘ 2 *
Gilpe ) = M{pmk(pk,pm + 2 S °’{V L {rn, o) -~ T, af)]

4ppN1 -7 n
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+ [ - (arcsina,\ arcsinay )] (\/l - (a,f)2 - \/1 - (a,:)z)} + 20 0.5

Bk(PLPS)} +0(%). (39

After laborious calculations, we arrive at the following expressions for the jumps of stresses on the macroscopic
inclusion:

- 2(0y +1 . .-
Go(pg, M) = ;_ﬂ_ﬁpo__l)o_)_{ s(pp) + — 2 {{Ak(pk,po) - —(EQBT’—TOJ[R - (arcsma,": — arcsinay )
povli—-m 0

O | R ECE o iy

M=) - ud @) -1

+

2 ) —_
p/’{ n_012 - 1y } + {Ak(pi,pi‘)) + 2% %) "")[ — (arcsing;
(- ) ~uk) \/(uk)'~l Pk

arcsinay ) — (aZ\/I—-(a,t)z - a;J1-(a;)2)]} {( u0)e %% [2_"_:_

(n “k)

+

21’](@)3‘" ’3(uk) +2} + (e - 2ioy -1 ii____“z_l

(@ — )@ - 1) (n-u))’

+

L-nuf 3
= T + OX) o (35)
W — )2 WD) -1

In relations (34) and (35), we have uf = z /l,, the quantities A,(p;,ps) and Bi(p},py) are given by ex-
pressions (30) and (32), and

I-nE-+(-n")1 -8

1-mE + (1 -12)(1-8%)

I'(,m,&) = In

If we now formally substitute the right-hand-sides of relations (34) and (35) in (27), then we get

* * * 4 -1 . . -
Kli,, - iK,J‘;,l = —0.25{xw!lp, AP, P0) + M[n—-(arcsmaz ~ arcsina, )
T

+ (\/1 —(a) —m)} + %Bn(p’;,pz)}, (36)
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2 N
Kiy — iKijg = 0.5l { s(pg) + %2 AdPr.po) + —2;(00 +i1y) [n —~ (arcsing; ~ arcsinay )
k=1 P
k=0

* 2000

. (a;w/l—(a;)z—a;m)]}{ Poe Pk

+ — =
- uDJ @) -1 - @) -1

RN Og —iT . -
- Apr.po) +22—2 [n - (arcsing; — arcsinay)
Px

(@@ -G 1- @7 )J} {072 @R & 1o

(1 - ud)(ud)? - 1)*/?

1 _ e‘zlak

+ L + 00). (37)
(1 - VY -1

These expressions enable us to detect the initiation of small cracks in the vicinity of the tips of a macroscopic
inclusion with the indicated accuracy. In view of the fact that actual physical microcracks cannot induce infinite
stresses in the vicinity of their tips, the equality

+

Ki, = iKij, = 0, (38)

by analogy with the §,-model [1], yields the values of the lengths a; and a; of prefracture zones for microcracks

located in the vicinity of the macroscopic inclusion. Moreover, by using relations (37) and setting K|y =K, = const
[5], we can determine the critical loads corresponding to the appearance of a microcrack.

Evaluation of the Critical Parameters of a Microcrack in the Vicinity of the Tips of a Macroscopic Inclusion

As an example of realization of the procedure described above, we consider the diagram displayed in Fig. 2.
According to relations (36) and (37), in view of the fact that the tips of the microcrack are symmetric about the axis
of the macroscopic inclusion, we arrive at the following expressions for the stress intensity factors (valid up to the

terms of the same order of smallness as A2 ):

) 0
Klil = 0.25@{;} 0 ; X {1 - A ] _ 89 arccosa}, 39)
X T

ui"—l

: 81 Ap© - x%)
Kﬂl = 0.25ynl {—Qarccosa + ,
n Ay’ - 112

Kiy = 025l p(x —3), and  Kfj, = 0, (40)

where
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bbb 4"y

f??ﬂﬂ}#

Fig. 2. Macroscopic inclusion with small perpendicular crack.

0
= = a° 0_ X
a=aq = q, ul—'E

9

ly is the half length of the macroscopic inclusion, and xP is the coordinate of the center of the microcrack on the
continuation of the stress concentrator. As a result, by using relations (38) and (39), after simple calculations, we can
find the total half length of the microcrack and prefracture zones formed at its tips

O

l = ,
S0 ()2 +(u) -1

the half length of the initiated microcrack

2 0
[ = Icos mpO— %) u‘7 -1/
160, \/(u?)' ~1

and the length of the prefracture zone formed at its tip

A = 2usin?| 2O =% u —11.
3200% () -1

The values of the critical loads p, corresponding to the appearance of a microcrack can be determined from
relations (40) by analyzing either the balance of forces or energy balance [5].
On the basis of the general relations (36) and (37), one can easily establish similar formulas for the case where

a microcrack is collinear to the macroscopic inclusion. The maximum possible half length of the initiated collinear
microcrack is equal to
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0
[ = lcos XPe|y ¢ 8001 u17 -1
L o W

By passing to the limit in this expression as u,o — oo, we arrive at the well-known relation of the §,-model
presented in [1]. This proves the validity of the general results obtained in the present work.

Parallel with the procedures outlined above, it is reasonable to consider some other schemes necessary for engi-
neering calculations {5]. One should especially mention the cases of a §;-slot parallel to the macroscopic inclusion
and of two slots collinear with this inclusion. In these cases, the lengths of prefracture zones formed at the tips of
the microcracks are unequal. Therefore, according to the results of their quantitative evaluation, it is possible to de-
termine the degree of influence of the rigid inclusion on the lengths of prefracture zones located on the continuations
of microcracks appearing in the material. The application of the relevant asymptotic relations and basic criteria used
to characterize the strength of materials enables one to give an adequate description of the initiation of small cracks
near a rigid inclusion.
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