ELASTIC EQUILIBRIUM OF A FINITE ANISOTROPIC PLATE
WEAKENED BY AN ELLIPTICAL HOLE AND CONTAINING CRACKS
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The loss of load-carrying capacity by structural elements is often due to the pres-
ence of stress raisers such as holes and cracks in the elements. The publications {7, 9]
offer a survey of the use of the method of integral equations to analyze stresses in finite
plates weakened by holes and cracks of fairly general configuration. Problems for isotropic
plates have been most frequently investigated by this approach. There are almost no solu-
tions for anisotropic plates.

Below, we construct special representations of the solution and derive the resolvent
system of integral equations for the problem of the elastic equilibrium of a finite linearly-
anisotropic plate weakened by an elliptical hole and a system of curvilinear cracks. The
absence of an unknown function at the boundary of the internal hole makes it possible to
suggest the use of an efficient algorithm for numerical solution of the problem. As an
example, we solve the problem for circular and rectangular plates with cracks reaching the
contour of an internal hole. We study the effect of orthotropy of the material, the form
of the hole, and the external boundary on the stress intensity factor (SIF) at the tips of
the cracks.

1. Let the region D occupied by an elastic anisotropic plate be bounded by the closed
contours A (an ellipse with semi-axes a and b) and Lo (an arbitrary external contour) and
contain n curvilinear nonintersecting slits Lj (j = 1, n) (Fig. 1). We make the symmetry
axis of the ellipse coincide with the axes of the cartesian coordinate system xOy. As the
positive direction on Lo, A, we take the direction to the left of region D. The direction
on Lj is arbitrary. We direct the normal n to the right with positive circumvention of
A, Ly (=1, n). We will assume that the contours Lj represent Liapunov curves. We

n
designate L= UJ L;, L'=L\ L.
j=0
We will limit ourselves to the case when the load X,({)+iY.(f) applied to each closed
contour is self-balanced. Meanwhile, all of the slits are internal and their edges are free
of forces. A generalization to the case of slits emanating from the contour of the internal
.hole A will be made in Part 3.

Determination of the stress state of the plate reduces to finding the complex potentials
®,(2,) (v=1,2) from the corresponding boundary conditions on the contours A, L [11]

a@® O (1) + 6O D7 (1) +DF (f) = F (), tEAUL, (1.1)

a(f) DEE) + b (O DE (1) + OF () =0, teL'. (1.2)
a(t) = apM, (O/IM, (t);  b(t) = bM, (H)/M, (t);
X () + 1Y u () .

1

F(ty= (Mg — o) (1o — P2}

i

0

(M — l—;z) M, (1) ’
by = (l_‘:l - lje) (Hz - Ez)_l; M, (t) = Wy cosPp —sinyP (v= 1, 2),
where the superscripts "+" and "—" denote the limiting value of the function as the contour

is approached from the left (right); v = y(t) is the angle between the normal n at the point
t and the x axis; uy are roots of the corresponding characteristic equation.
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We represent the functions ¢,,(z,)) in the form

!
(Dv(zv):ECD(’/(zv)- (1.3)
j=0
Here, ©5(z,) is the solution for an infinite anisotropic plate with an elliptical hole
but without cracks. This solution satisfied boundary condition (1.1) on A. We will
assume that @3(zv) is known [8].

Using the solution of the problem of the action of a single concentrated force at the
point 1 of an infinite anisotropic plate with an elliptical hole A free of external forces

[2]

1 Av ZA_. nvﬁ;
o __ L . v L i
&= (w[ L=y T Lum—1) & @v"z*”}

and the superposition principle, we will seek ®@(z,) in the following form

O (z) = — HCAV(r) WA A }ds:

O G S = T L= L= 1)

_ 1 ” Q@dry |, L Mdy | i [@dy ]
2T I R S Ny T TR T
L,=0 ) = (e, + VE—a® — 28 (a— ip b~ (€, (00) = o0); M, =, () (1.4)
2= 0, (8) =5 (= D)L, + o (@ + BT (51>

L= (= B (B — By ) 1y = (B, — B) (i, — By )
Qu () = — 2niAy () My ().

where Qy(f) = [Qy; ()] {€L; (j =0, n)] are unknown complex functions on L. Here, we used the
relation dt: = My(7) ds (ds is an element of the arc L).

Thus, the constructed functions ¢!y(zy) satisfy the conditions Xn = Yn = 0 on A.

As a result, selection of &y(zv) in the form (1.3-1.4) automatically ensures satisfaction
of boundary conditions (1.1) on A.

2. Inserting the limiting values of the function ¢v(zv) from (1.3-1.4) into boundary
conditions (1.2), we obtain

a@) @, () + oD@, (2) + @, () = 0, (2.1)
LO)=—a®)QO—bOQ @, 1L (2.2)

Following [11, 12], we will also assume that

QW) =—a)Q )+ O, tEL, (2.3)

With allowance for (1.3), (1.4), (2.2), and (2.3), after certain transformations we

can use boundary conditions (1.1) and (2.1) to obtain a mixed system of singular (on L')
and regular (on Lo) integral equations relative to the sought functions Q1(t)
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Wb ()2 O+ [ (K (D) + K (¢, DR Wl ds = [, (), t€L, k=0, n.
L
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K, (t,mds= 20 [ hdty ma (1) dr, } x —20__ (2.4)
Mo C) Lo Gm— 1) L(I—gmy) 17 mie) @)
dv, (— Dingb () dr, ]__ 1 [(-_ )b (v) dv,
X [:fl-x -4 * & (1 =My i, (&y) N — &, T
+ lzd%1 _ nzt—zﬁd% }
(1 —Zpmy) & (1 —12ym,)

fo®) =2F ()—2[a () D (t)) — b (H D} () + DI (1)), tELy
fr) =—2[a@) @)+ oD (t) +~ D3 (ty)] teL’, (k=T1,n).

Here, §, is the Kronecker symbol; j = 0(1) with teL’ (Ly).

Along with the condition of nonambiguity of the displacements in the circumvention of
each slit Lj (j =71, n), Eqs. (2.4) are augmented by the conditions:

Sg,j(r)dn=o. (2.5)
L

3. As was done in [12], we can show here that the system of integral equations (2.4),
together with auxiliary conditions (2.5), is uniquely solvable. Here, Q:i(t) satisfies Holder's
inequality on Lo and belongs to the class H* on L' with the index 0.5 [6].

Using the Gauss—Chebyshev formulas for the integrals over Lj = {f{=1/(8)| || <1}
I,n) ,and the rectangle formulas for the integrals over Lo = {{=10(&)|0<E<<T (% (0)=1(T))},
we reduced the solution of system (2.4) with conditions (2.5) to the solution of a system
of linear algebraic equations relative to approximate values of the functions x;(E)—Qu[TJ E)] x
J1—g? » and the Chebyshev nodes gi;=cos((2i—1)/2N;) (i=1,N;; N; is the number of nodes
on the contour Lj) xo(£)=Qio[t°(§)] and at arbitrarily chosen points & (0<Ei<<E2<< .. L))
<Exo<<T; No is the number of nodes on'the contour Lo). Theoretical estimates of the convergence
of the nurerical method of solution being used here can be found in [1, 3], for example.

If system (2.4-2.5) is solvable and if values of X j(#1) (j=1, 1, n). have been found, then
we can use the asymptotic formulas from [5] to find the stress distribution and the SIF for

t d sh _ _
rupture and shear k() =limo, VIrr; &y (0) =lim=, V2r
tesc

at the tips ¢=7v/(F1) of the crack Lj. Here, t is a point lying on an extension of the
cracks beyond the tip c along a tangent; r = |t—c].

If the end ap of the slit Lp reaches the contour of the hole A, then condition (2.5)
can be ignored for j = p. Following [9], we need to refine the corresponding potential
in (1.4) and integral equations (2.4) by an established method. To numerically solve system
(2.4), we will make use of a simplified procedure based on the above~-described algorithm
for internal slits.

The potentials (1.4) turn out to be an effective means of determining the stresses in
the neighborhood of crack tips in finite anisotropic plates with an elliptical hole.
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Below, we present results of calculations of the rupture SIF ki for problems involving
circular (Lo={]|z0|=Ro}) and rectangular Lo=={x=+W; y=+2W}) plates (cases a and b, respec-
tively) made of orthotropic materials with one or two radial edge cracks L, = {f=Th2(§) =
*la+1{1+E)]l] |l <<1}. The angle ¢ formed by the principal direction of anisotropy E, and the
X axis is assumed to be equal to 0 or 7/2. The anisotropy parameters of the materials are
as follows at ¢ =0 {4]: 1) E/E,=1; m=1.017; p2=0.99 i (nearly isotropic material) 2) Ey/Es=2; pu=
411 4; ne=034317; 3) EiE»==2.65; pni=1679i; p2=0971i; 4) E/E;=23.8; ni=23.261; pe==1,501.

The plate is tensioned by uniformly distributed normal forces p applied to the contour Lo
(case a ) or to the edges y = *2W (case b); the edges x = *W are free of external forces.
The contour A is unloaded in both cases. :

Considering the symmetry of the problem relative to the x axis (in the case of one crack)
or the axes x and y (in the case of two cracks), the number of linear algebraic equations
to which the system of integral equations can be reduced can be decreased by a factor of two
or four, respectively.

Figures 2 and 3 and Tables 1 and 2 show for case (a) the results of study of the effect
of crack length on ki with different degrees of compression of the ellipse (g = b/a).

Figure 2 shows curves depicting the dependence of the dimensionless SIF for rupture
K==k,/py2nl on the parameter A=2I/(Ro—a)with e=1, a/Ro=0.5for materials 1-3 (curve 1-3)
in the case of one crack. Here and below, the scolid (dashed lines) correspond to ¢:= 0(n/2)
(for material 1, the values of K calculated with ¢ = 0 and 7/2 nearly coincide and are given
with @ = 0). The corresponding numerical values of K for material 1 with different values
of A are shown in Table 1 for the case of one (curve 1, Fig. 2) and two cracks. Also shown
for comparison is well-known data for an isotropic material [10, 13, 15, 16]. Stable solu-
tions were obtained in the range 0 < A < 0.7 with allowance for the symmetry of the problem
in the case of one crack with the number of nodes on the semicircle No/2 = 60 and in the
case of two cracks with the number of nodes on one-fourth of the circle No/4 = 20. Here
and below, we used a uniform subdivision on the external contour, while the number of nodes
on the cracks Ni,2 = 20. At A>0.7, to find K is necessary to increase the number of nodes to
80 on the semicircle and to 30 on the quarter-circle. With a further increase in the number
of nodes on the external contour, the results differ from one another by less than 1Z.

The presence of a hole has a significant effect on the value of K for short cracks
(AiO.l). As the crack approaches the external contour, there is a substantial increase
in K. An increase in the degree of anisotropy Ei/Ez is accompanied by an increase in the
difference in the values of K calculated with ¢ = 0 and n/2. Comparison of the numerical
data for material 1 with the well-known solutions for an isotropic material [10, 13] (Table 1)
shows their good agreement. The maximum relative error of the sets of data being compared is
on the order of 27. The result obtained in [15] with A = 0.8 should be considered understated.

Figure 3 shows the dependence of the correction SIF for rupture K = ki/k*; on A at
a/Ro = 0.5 and € = 0; 0.2; 0.5; 1 (curves 1-4). The dependence shown is for material 3 in
the case of two cracks. Here k) is the rupture SIF at the tips of the cracks at € = 0.
Table 2 shows dimensionless numerical values of kﬂ/pVﬁT§ﬁ+a) (the problem of a cir-
cular disk with an "equivalent' central crack L*y={|x]|<a42l; y=0}) in relation
to A*==(2l40)/R, for materials 1-4. Here, for comparison the denominator shows data
from [4]. Stable ‘solutions (accurate to within 17) were obtained with the same number
of nodes on the external contour (No/4 = 20 for 0<A<0.7; No/4 = 30 for A>0.7), as in the
previous example in the case of two cracks. The results obtained show that for short cracks
(A<0.1) the value of K depends appreciably on the degree of compression of the ellipse.
Even at small values of e, it deviates considerably from 1. An increase in the compression
of the ellipse (a decrease in ) is accompanied by a decrease in the difference in the values
of K calculated with ¢ = 0 and m/2 (they coincide at € = 0). The hole can be regarded
as a defect of the crack-slit type when 60.2, 2201, ¢ =0 and 7/2. Comparison of the numerical
data shown in Table 2 illustrates their good agreement within the range 0<A<0.9. Here, the
maximum relative difference between the results being compared is on the order of 1% except
for the data for material 4 at ¢=0, A=0.8 (2%) and ;—09 (12 %)

For case (b), Fig. 4 shows curves depicting the dependence of K=*ki/k*i on h=(2]4-a) /W
with e=1, a/W==0.1; 0.25; 0.5 (curves,1-3). These results are for material 2 in the case of two
cracks. Here, k% =p}(2/4-a) is the rupture SIF at the tips of an isolated "equivalent" crack
L*; in a region loaded at infinity by the forces p. Stable solutions (accurate to within
1%) were obtained with the number of nodes on the external contour No = 80 in the range
0<A<0.6; for A>0.6, the number of nodes must be doubled. It follows from the figure that
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TABLE 1

One crack Two cracks
A Present P
stugy | 0O 1] I 151 | sreae | 00 [t}
0.1 2,79 2,78 2,81 2,72 2,84 2,84 28
02 278 278 278 279 2,96 296 29
0.3 285 2.85 2,87 2,86 3.21 301 32
0.4 2,96 297 299 301 3,55 3,55 3.4
0.5 311 312 314 3,14 3,08 3,98 39
0.6 3,30 331 3,32 3,30 449 4,50 44
07 355 361 3,55 348 5.09 5,20 5.0
0.8 3.95 397 3,91 3,73 5,82 5,86 5.7
TABLE 2
A
Materlal ® 0,t 0,5 0,6 0.7 0.8 0,9
1015 1,387 1580 1,840 2237 3,036
1 0 1015 1,387 1578 1,840 5238 3,038
1022 1410 1574 1,796 2139 2,849
2 0 1,022 i4ll 1575 1,798 2137 2823
/2 1042 1625 1849 2,143 9578 3395
1082 1697 1852 9,147 5583 3385
0 1010 1.284 1436 1,658 2018 2,796
3 1010 1,284 1437 1688 3020 2,799
2/ 1023 1,559 1819 2,161 2641 3488
1025 1560 1820  2.163 5644 3,499
o 1,007 1.201 1325 1513 1844 2,601
4 1,006 1,202 1321 1514 1877 3313
1062 2211 9740  3.464 4521 6,178
a2 1062 2218 9753 3488 1567 6948
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even for broad regions (a/W = 0.1), the hole cannot be regarded as a defect of the type
represented by an isolated crack-slit in an infinite region. The angle ¢ has a negligible
effect on the value of K in the investigated parameter range. It should be noted that the
values of K calculated for material 1 agree within 27 with the data in [14].

The good agreement of the compared numerical solutions (Tables 1 and 2) and the

stability of the calculation make it possible to consider the results obtained reliable.

11.

12,

13.

14,

15.

LITERATURE CITED

S. M. Belotserkovskii and I. K. Lifanov, Numerical Methods in Singular Integral Equations
[in Russian], Nauka, Moscow (1985).

D. V. Grilits'kii, "Effects of the point of application of force i on the stress distri-
bution in an unbounded anisotropic plate containing an elliptical hele,"“ Prikl. Mekh., 2,
No. 2, 159-166 (1956). -
V. V. Ivanov, Theory of Approximate Methods and its Application to the Numerical Solution
of Singular Integral Equations [in Russian], Naukova Dumka, Kiev (1968).

S. A. Kaloerov, "Stress distribution in an elliptical anisotropic disk with cracks,"
Prikl. Mekh., 21, No. 7, 84-87 (1985).

V. N. Maksimenko and A. V. Tsendrovskii, '"Determination of stress intensity factors for
cracks of complex form in anisotropic plates," Zh. Prikl. Mekh. Tekh. Fiz., No. 6, 124-
128 (1986).

N. I. Muskhelishvili, Singular Integral Equations [in Russian], Fizmatgiz, Moscow (1962).
V. Z. Parton and P. I. Perlin, Methods of the Mathematical Theory of Elasticity, Nauka,
Moscow (1981).

G. N. Savin, Stress Distribution Around Holes, Naukova Dumka, Kiev (1968).

M. P. Savruk, Two-Dimensional Problems of the Theory of Elasticity for Bodies with Cracks
[in Russian], Naukova Dumka, Kiev (1981).

M. P. Savruk and I. V. Prokopchuk, "Elastic equilibrium of annular regions with cracks,"
Fiz. Mekh. Mater., 20, No. 1, 36-42 (1984). ,

L. A. Fil'shtinskii, "Boundary-value problems of the theory of elasticity for an aniso-
tropic half-plane weakened by a hole or slit,'" Izv. Akad. Nauk SSSR, Mekh. Tverd. Tela,
No. 6, 72-79 (1980).

D. I. Sherman, "Solution of a plane problem of the theory of elasticity for an anisotropic
medium," Prikl. Mat. Mekh., No. 6, 509-514 (1942).

0. L. Bowie and C. E. Freese, "Elastic analysis for a radial crack in a circular ring,"
Eng. Fract. Mech., 4, No. 2, 315-321 (1972).

D. J. Cartwright and A. P. Parker, '"Opening mode stress intensity factors for cracks in
pin-loaded joints,'" Int. J. Fract., 18, No. 1, 65-75 (1982).

A. F. Grandt, "Stress intensity factors for cracked holes and rings loaded with polynomial
crack-face pressure distributions,'" Int. J. Fract., 14, No. 4, 221-229 (1978).

H. J. Petroski and J. D. Achendach, "Computation of the weight function from a stress
intensity factor,'" Eng. Fract. Mech., 10, No. 2, 257-266 (1978).

831



