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INFLUENCE OF COMPRESSIVE STRESSES ON THE PROPAGATION OF SURFACE 
SHEAR CRACKS IN RAILROAD RAILS 

О. P. Datsyshyn,1  H. P. Marchenko,1,2  А. Yu. Hlazov,1  and  A. B. Levus1 UDC 539.375 

We study the influence of longitudinal compressive residual stresses on the elastic state of a railroad 
head damaged by a surface crack under the conditions of rolling contact.  For this purpose, we solve 
a two-dimensional contact problem of the theory of elasticity for a half plane weakened by an edge 
crack whose lips are in contact with friction under the action of a moving Hertz load on the edge of the 
half plane and uniform uniaxial compression at infinity.  The stress intensity factors are found and the 
maps of contact of the crack lips are constructed for different values of the operating parameters typical 
of the wheel–rail system.  We determine the most dangerous orientations of the crack susceptible to 
propagation in the zone of compression by the mechanism of transverse shear. 

Keywords: crack, contact problem, friction, Hertz load, residual stresses, singular integral equations, 
stress intensity factors. 

In the course operation of wheel–rail engineering couples, the rolling surfaces of railroad rails often fail.  
In this case, the longitudinal residual stresses (RS) arising in rails exert a substantial influence on this process. 
In the process of operation, in the subsurface layer of the rolling surface of a rail, we observe the formation of 
local plastic strain, which leads to mechanical hardening in this region of the railhead.  As a result, the residual 
stresses, which were mainly tensile in the first stage (i.e., after manufacturing) become compressive and attain 
their maximum values near the surface [1, 2]. 

At present, on the European railroads, in about 30% of cases, the replacement of rails is caused by the pres-
ence of cracklike defects in their heads [3].  This is why surface cracks propagating in the rail head are especial-
ly dangerous for rails operating under the conditions of contact rolling fatigue and in the presence of residual 
stresses.  However, the combined influence of the contact stresses and RS on the stressed state in the vicinity of 
these defects is poorly investigated [4–8].  In studies of this kind, the railroad rail was modeled by a half plane, 
the action of the wheel upon the rail was modeled by the Hertz contact load, and the influence of residual stress-
es was modeled by uniform tension/compression at infinity [4, 5], mass forces [6, 7], or by the presence of 
a plasticity zone [8]. 

Similar investigations were also performed in [9–12].  However, the case of contact of the crack lips with 
friction for a crack propagating under conditions of compression was not studied.  In what follows, we continue 
these investigations and solved a contact problem of the theory of elasticity for the half plane weakened by an 
edge crack with regard for friction between its lips under the action of a moving Hertz load and compressive RS.  
We determine the orientations of a crack that are most favorable for its development according to the mechanism 
of transverse shear. 
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Fig. 1. Schematic diagram of a railhead weakened by an edge crack under the action of the model contact load and compressive residu-
al stresses;  D   is the direction of motion of the contact load. 

Statement of the Problem and Singular Integral Equations 

Instead of a railroad rail damaged by a surface cracklike defect in the two-dimensional formulation, we con-
sider an elastic half plane containing an edge rectilinear arbitrarily oriented crack (Fig. 1).  We refer the half
plane to the coordinate system  xOy   whose Ox -axis coincides with the edge of the half plane and the origin O   
coincides with the crack mouth.  The crack is referred to a local coordinate system  x1O1y1  whose origin is also 
located at the crack mouth.  The contact pressure exerted by the wheel upon the rail is modeled by a unidirec-
tional repeated translation of Hertz contact forces along the edge of the half plane (from right to left).  The tan-
gential component of these forces is given by the formula  

 s(x) = − (1+ ifs )p(x) = − p0(1+ ifs )
a2 − (x − x0 )2

a
, x − x0 ≤ a , (1) 

where  fs   is the coefficient of sliding friction between the rolling bodies,  p0   is the maximum value of contact 
pressure, and  a   is the half length of the contact region.  The longitudinal RS are modeled by uniaxial uniform 
compressive forces  pr   applied at infinity.  The location of the contact region relative to the crack mouth is de-
termined by the parameter  λ = x0 /a ,  the relative crack length is given by the parameter  ε = l /a ,  and its orien-
tation is described by the angle  β . 

The boundary conditions of the problem on the edge of the half plane and at infinity have the form 

 σ y(x, 0) − iτxy(x, 0) =
s(x), x − x0 ≤ a,

0, x − x0 > a,

⎧
⎨
⎪

⎩⎪
 (2) 

 σ x
∞ = − pr . (3) 

For some locations of the Hertz load (some  λ )  and under the action of RS, the crack lips may be in con-
tact.  In what follows, we consider the general case of their contact, namely, the case of sliding with friction and 
with a possibility of restraining.  Then the boundary conditions of the problem on the crack lips can be formulat-
ed as follows: 
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 N ± (x1) + iT ± (x1) = 0, x1 ∈Lop ; (4) 

 v+ (x1) − v− (x1) = 0, x1 ∈Lsl ; (5) 

  T
± (x1) = fc sign [ !T ± (x1)] N ± (x1) , x1 ∈Lsl ; (6) 

 u+ (x1) − u− (x1) + i[v+ (x1) − v− (x1)] = 0, x1 ∈Lst ; (7) 

 N + (x1) − N − (x1) + i[T + (x1) − T − (x1)] = 0, x1 ∈Lst . (8) 

In this case, the following condition is satisfied in the regions of restraining of the crack lips:  

 T ± (x1) < fc N ± (x1) , x1 ∈Lst . (9) 

Here, the contour of a rectilinear crack  L   consists of the collection of segments  Lop   on which the crack 
is open, segments  Lsl   with sliding of the crack lips, and segments  Lst   where the crack lips are restrained.  
We denote by  fc   the coefficient of friction between the crack lips.  By  N ,  T   and  v ,  u   we denote, respec-
tively, the normal and tangential components of forces on the crack lips and of displacements of the crack lips in 
the local coordinate system  x1O1y1 .  The quantity  sign [ !T (x1)] specifies the sign of tangential contact stresses 
(discussed in what follows).  The superscripts “+” or “–” denote the boundary values of the quantities on approach-
ing the crack contour from above and from below, respectively.  

We also consider the derivative of the jump of the unknown vector of displacements along the crack con-
tour  L   in the form of a sum of two functions 

 ′g (t) = ′g1(t) + ′g2(t), t ∈L , (10) 

where 

 
 
g1(t) =

2G
1+ κ

v+ (t) − v− (t)⎡⎣ ⎤⎦ ; (11) 

 
 
g2(t) = − 2iG

1+ κ
u+ (t) − u− (t)⎡⎣ ⎤⎦. (12) 

In relations (11) and (12),  G   is the shear modulus and  κ   is the Muskhelishvili constant. 
Satisfying the boundary conditions of problem (4)−(8) by using the integral transforms [13−15] of the Kolosov–

Muskhelishvili complex potentials expressed in terms of the functions  ′g1(t)   and  ′g2(t) ,  we arrive at the follow-
ing system of singular integral equations (SIE): 

 Re D(τ) = πRe P(τ), τ ∈Lop ; (13) 

  Im D(τ) + nRe D(τ) = π Im P(τ) + nRe P(τ)[ ] , τ ∈Lοπ ∪ Lsl , (14) 
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where 

  D(τ) = I{Lop} ′g1(t) + I{Lop ∪ Lsl} ′g2(t), (15) 

and the operator  I L{ }  is given by the formula 

 I L{ }ϕ(t) = R(t, τ)ϕ(t) + S(t, τ)ϕ(t)⎡⎣ ⎤⎦
L
∫ dt . (16) 

The coefficient  n   in relation (14) takes the following values: 

 n =
0,                  τ ∈Lop,

− fc sign Im (P(τ))[ ] , τ ∈Lsl.

⎧
⎨
⎪

⎩⎪
 (17) 

The functions  R(t, τ)   and  S(t, τ)  are the known kernels of the SIE for the half plane weakened by an 
open edge crack [13].  The right-hand side of the system of equations (13), (14) is determined by the external 
loads (2), (3) applied to the half plane and expressed via the function [9, 15] 

 P(τ) = p0 Re (1+ ifs )c(τ)[ ]− (1− ifs )
Im b(τ)
a(τ)

− ifs
⎡
⎣⎢

⎤
⎦⎥
c(τ) e2iβ⎧

⎨
⎩

⎫
⎬
⎭
+ pr (1− e2iβ )

2
, (18) 

where  

 a(τ) = 1− b2(τ) ,     b(τ) = e−iβτ / a − λ ,     and     c(τ) = a(τ) − ib(τ). 

We solve the system of SIE (13), (14) by the numerical method of mechanical quadratures and then, on the ba-
sis of this solution, determine the stress intensity factors (SIF) from the well-known formula [13]. 

It should be emphasized that the boundaries of contact regions of the crack lips are not known in advance.  
We determine them in the process of solution of the integral equations of the problem from the auxiliary condi-
tions of equality to zero of the normal contact stresses at these boundary points.  At the same time, the zones of 
restraining and sliding of the contact regions are found from the auxiliary condition (9).  In this case, we con-
struct the solution of the contact problem by the method of successive approximations.  In relation (6), the quan-
tity   !T (x1) = Tk (x1)  is used in the iterative process for  k = 0,1, 2,….  As the zero-order approximation  T0(x1)   
(k = 0) ,  we choose tangential stresses on the crack line in the solid half plane under the action of the external 
load.  The subsequent approximations  Tk (x1)   (k = 1, 2,…)   correspond to the values of tangential contact 
stresses on the crack lips. 

Numerical Results and Discussion 

We performed a numerical investigation of the mode II SIF KII  and their range  ΔKII = max KII(λ) −  
min KII(λ)  in a rolling cycle (for a single passage of the contact load along the edge of the half plane) and con-
structed the maps of contact of the crack lips within a cycle.  
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Fig. 2. Maps of contact of the crack lips in the course of motion of the Hertz load in the presence of residual stresses;  fs  = 0.1;  β  = 
160°;  ε = l /a = 0.3 ;  (  ) sliding of the crack lips with friction; ( ) restraining. 

Main attention was given to the study of the combined influence of the Hertz load and RS on the parameter  
ΔKII   that controls the process crack growth in the contact (compression) zone by the mechanism of transverse 
shear.  The dependence of this parameter on the orientation of the crack was investigated.  

The numerical calculations were carried out for an edge arbitrarily oriented crack with relative length  ε =  
l /a = 0.3 .  The orientation angle  β   of this crack varied from 20° to 165°.  We choose the following operating 
parameters of the wheel−rail system:  the maximum Hertz pressure  p0  = 1100 MPa  [1, 16], the length of the 
contact region  2a  = 14 mm,  the compressive RS  pr  = 175 MPa  [2], the coefficient of sliding friction in rolling 
contact  fs  = 0.1,  and the coefficients of friction between the crack lips in the rail  fs  = 0.1, 0.3,  and  0.5.    

We investigated the case where the contact load is applied in the immediate vicinity of the crack mouth  
(− 2.0 ≤ λ  ≤ 1.0).  Then it was assumed that, under the action of the Hertz load and compressive RS, the crack 
lips are in contact along the entire crack length.  In this case, to find the zones of sliding and restraining of the 
crack lips for a crack whose lips are in contact, we use the following algorithm.  First, we assume that the crack 
lips contact without restraining and solve the SIE (14) in which  τ ∈L ,  i.e.,  τ   changes along the entire 
crack contour. The solution of this problem is used to find contact stresses on the contour  L   and determine the 
zones in which the auxiliary condition (9) is satisfied.  In the first approximation, the endpoints of these seg-
ments specify the boundaries of the zones of restraining of crack lips.  If these zones exist, then we take them 
into account in constructing the second approximation.  Thus, we get the iterative process, which can be termi-
nated as soon as we get the required accuracy. 

In practice, the surface cracks propagate in railheads mainly at angles of 10°–30° in the direction opposite to 
the direction of action of the tangential contact forces [1, 16, 17].  To illustrate what happens with a flat crack in 
the zone of compression under the combined action of the Hertz load and RS, we choose, as an example, 
the mean value of the angle equal to 20°, which corresponds to the orientation  β  = 180°−20° = 160°.  For this 
crack, we constructed the maps of contact of its lips and computed the SIF  KII  in the course of motion of the 
contact load in the vicinity of its mouth (Figs. 2 and 3). 

The results of calculations confirm the appearance of sliding and restraining zones for the chosen direction 
of displacements of the Hertz load from the right to the left (Fig. 2). The larger the friction between the crack 
lips, the longer the period of restraining of the lips.  In this case, the complete restraining of the lips occurs faster.   
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Fig. 3. Dependences of the normalized SIF  FII   on the location of the Hertz load in the presence (a) and in the absence (b) of residual 
stresses for different friction coefficients between the crack lips  fc . 

The process of restraining begins from the crack mouth and gradually propagates onto the entire crack.  As the 
Hertz load passes through the mouth, the zone of restraining gradually shrinks from the mouth and then com-
pletely disappears.   

By using the determined contact regions of the crack lips, we obtain the numerical values of the normal-
ized SIF  

 FII =
KII

p0 πa
 

at the crack tip (Fig. 3a).  As the Hertz load moves, they change and take, for the corresponding locations of the 
load (for the values of λ ), its minimum (negative) and maximum (positive) values.  Moreover, as the coefficient 
of friction  fc   between the crack lips increases, both the maximum and minimum absolute values of the SIF 
decrease.  The larger the friction between the crack lips, the longer the horizontal segments of the curves corre-
sponding to the event of restraining near the crack tip. 

For comparison, to reveal the influence of RS, we also present a plot of the SIF for the case where these 
stresses are absent (Fig. 3b).  We see that the RS lead to an increase in the maximum SIF  FII   and to decrease in 
the absolute value of the minimum SIF. 

Similar calculations were also performed for other orientation angles of the crack  β .  On the basis of the 
accumulated results, we plotted the dependence of the normalized SIF  range  

 ΔFII =
ΔKII

p0 πa
 

on the angle  β   for different friction coefficients  fc   between the crack lips.  For comparison, the same calcula-
tions were performed for the case of action solely of the Hertz load.  It is easy to see (Fig. 4) that, depending 
on the orientation of the crack, there exist two local maxima of the range of SIF KII:  one maximum is attained 
for  β = β1*  within the range of acute angles of orientation of the crack and the second maximum is attained for  
β = β2

*   within the range of obtuse angles (see Table 1, where  H   is the Hertz load and  H + R   is the combined 
action of the Hertz load and residual stresses). 
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Fig. 4. Dependences of the normalized range  ΔFII  on the angle of orientation of the crack  β   for different coefficients of friction  fc   
between the crack lips;  fs  = 0.1;  ε = l /a = 0.3 ;  the solid curve corresponds to the combined action of the Hertz load and re-
sidual stresses and the dashed line corresponds to the action solely of the Hertz load.    

Table 1.  Maximum Values of the Ranges  ΔΔKII   for Acute  ββ1*  and Obtuse  ββ2
*  Angles of Orientation 

of a Crack of Length  l  = 2.1 mm;  p0  = 1100 MPa,  pr  = 175 MPa 

fc  0.1 0.3 0.5 

External load H  H + R  H  H + R  H  H + R  

β1*  79° 76° 74° 56° 52° 43° 

ΔKII(β1*),  MPa m  32.14 28.06 19.41 16.96 10.77 12.89 

β2
*  153° 153° 158° 154° 161° 157° 

ΔKII(β2
* ) ,  MPa m  18.76 20.55 10.77 14.35 8.32 11.26 

It was established that the friction coefficient  fc   strongly affects the range  ΔKII.  The increase in the coef-
ficient of friction between the crack lips leads to a decrease both in the range  ΔKII   and, especially, in its maxi-
mum values  ΔKII(β1*)  and  ΔKII(β2

* )   both under the combined action of the Hertz load and RS and under the 
action solely of the Hertz load.  The acute angle  β1*   (at which the maximum of  ΔKII(β1*)  is realized) also un-
dergoes significant changes.  Thus, as  fc   increases,  this angle becomes much smaller.  Indeed, in the presence 
of RS, for  fc  = 0.1,  the angle  β1* = 76° ,  whereas for  fc  = 0.5,  we have  β1* = 43°   (see Table 1),  i.e., it be-
comes almost twice smaller.  
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The obtuse angle β2
*  is more stable.  It remains almost constant both with variations of fc  and with the ap-

pearance of RS.  Moreover, for the obtuse angles of orientation of the crack in the presence of RS, the maxima  
ΔKII(β1*)  and  ΔKII(β2

* )   are predominant independently of  fc ,  whereas for the acute angles, this regularity is 
observed for only large  fc  = 0.5. 

It is worth noting that, as the coefficient  fc   increases, the difference between the values of  ΔKII(β1*)  and  
ΔKII(β2

* )   strongly decreases both in the absence and in the presence of RS.  For large  fc ,  both angles become 
equally favorable for the growth of shear cracks in these directions.  Thus, it is possible to assume that this fact 
facilitates the formation of defects of the “dark-spot” type [18]. 

The obtained numerical values of the ranges  ΔKII   (see Table 1) corresponding to the most favorable direc-
tions of crack propagation (angles  β1*   and  β2

* ) were compared with the threshold value  [19]  

 ΔKII, th = 13.01 MPa m    

obtained for RSB12 rail steel.  As could be expected, the intensification of friction between the crack lips inhib-
its its growth by the shear mechanism and, for the large friction coefficient  fc  = 0.5,  the propagation of the 
crack in both directions under given operating conditions is completely impossible, both in the presence and in 
the absence of RS. 

CONCLUSIONS 

We have established two most favorable directions for the propagation of surface shear cracks in railroad 
railheads under the conditions of unidirectional rolling.  One of this directions is the direction of action of tan-
gential contact forces (angle  β1* ;  Fig. 4) and the other direction is opposite to the first direction (angle  β2

* ;  
Fig. 4).  The angle  β2

*   weakly varies under the influence of compressive residual stresses and friction between 
the crack lips.  At the same time, the variations of the angle  β1*   are significant.  In this case, as the coefficient of 
friction between the crack lips  fc   increases, the angle  β1*   changes from an almost right angle to an acute an-
gle.  For large  fc ,  this angle becomes even smaller under the influence of residual compressive stresses. 

It is shown that the friction between the crack lips has a significant influence on the maximum value of the 
range  ΔKII   responsible for the propagation of shear cracks.  Thus, the increase in the friction coefficient  fc   
leads to a substantial decrease in the maximum value of  ΔKII   as a result of which the difference between the 
values of  ΔKII(β1*)  and  ΔKII(β2

* )   noticeably decreases.  
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