International Applied Mechanics, Vol. 42, No. 11, 2006

TENSION OF A NONTHIN TRANSVERSELY ISOTROPIC PLATE
WITH A NONCIRCULAR CYLINDRICAL CAVITY

I. Yu. Khoma UDC 539.3

The three-dimensional stress state of a transversely isotropic plate with a nearly circular cylindrical
cavity is examined. The cavity surface is subject to normal and tangential stresses and the plate is subject
at infinity to tensile and shear forces. The problem is solved by expanding unknown functions into
Fourier—Legendre series in the thickness coordinate and using the boundary-shape perturbation
method. The equations and recurrence formulas needed to solve the problem in an arbitrary
approximation are presented

Keywords: transversely isotropic plate, noncircular cylindrical cavity, unknown functions, Fourier—
Legendre series, boundary-shape perturbation method

Introduction. A technique to analyze the stress—strain state of a nonthin transversely isotropic plate with a noncircular
cylindrical cavity in the case of antisymmetric (about the mid-surface) deformation is outlined in [ 15]. This technique is based on
the expansion of unknown functions into Fourier—Legendre series in the thickness coordinate [1, 14] and use of the
boundary-shape perturbation method [4—7]. The stress—strain state of noncircular cylindrical shells is analyzed in [10—12]. In the
present paper, we extend the technique to the case of symmetric deformation of a transversely isotropic plate with a noncircular
cylindrical cavity.

1. Equilibrium Equations for a Plate. Consider a plate of thickness 2/ (7 =const) occupying a domainQ = § x [—h, h]
in three-dimensional space. The plate is referred to a Cartesian coordinate system x; (i =1,2,3). Letx,x, €S, and x5 € [—h, h]
Following [2], we will expand the components of the displacement vector u ; (x1,x, ,x3 )and stress tensor 6;; (x1,x5,x3 )into a
truncated Fourier-Legendre series:

N
{u; (.30 .23),0 (1.2 .63 )} = Z{uﬁ-") x),h o) (x)}Pk @) (1.1)
k=0

where P;, (§)are Legendre polynomials; x = (x;,x, )€ S, {= h_1x3 e[-11], ug.k) (x), and csf.;‘ ) (x)are the expansion coefficients

to be called moments.

If the boundary planes S* (x3 =h) and S~ (x3 =—h) are free from stresses, then the functions 65.;‘) (x) satisfy the

system of differential equations

0g0® —n1el) =0 (1=123k=01...N), (1.2)

where 8, =8/ x,, cg"j’ =(2k+ 1)(c<3"jfl) + cg"j*3> +...), with Gg}k) =0if k > 0; summation is over repeated indices; the

Roman symbols take the values 1, 2, and 3; and the Greek symbols, the values 1 and 2.
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The elastic relations between the moments of the stress and strain components follow from the generalized Hooke’s
law. In the case of anisotropy, they have the form

k k
ol =heymel), (1.3)
where ¢, are elastic constants satisfying symmetry conditions; and ngk) are the strain moments, which are expressed in terms of

the displacement moments uﬁ.k ) as
e®) =0,u®  (a=12) P =ntu® (i=123) (1.4)

where u'j(") =(2k+ 1)(u§."“) + u§.k+3) +...) and u§”) =0ifn > N.

If N=2n (n=12,...,<w), then Egs. (1.2) take the following form in the case of symmetric (about the plane )
deformation:

aacgg =0 (B=12),

k
aacgﬁ") ~(4k+ DAY (5[(3235_1) =0 (B=12),
s=1

k-1
00V — (k=D Y 62 =0 (k=12.....n), (1.5)
s=0
and relations (1.3) in the case of transverse isotropy become

n
0 0 0 - 2s—1 0 0
051) :h{c“el(l) +clze§2) +cp3h 1Zu§ § )] , 052) =2hc66e1(2),

s=1

s=1 s=1

n n
Gg;) =h {cnel((l)) +C“€§g) +c13h—1zu§2S—l)] , Gg(:);) =h I:CB e(o) +c33h—1zu§25‘—1)] , (16)

n
Gﬁk) =h |:Cllalu1(2k) +01282u§2k) +(4k+1)€13h_1 Z u§2s—]):l ’
s=k+1

Gg%k) = c66h(61u§2k) + 62 u1(2k) ),

n
(5(222k) =h |:01281u](2k) +01162u§2k) +(4k+1)6‘13h71 Zug2s—l):l ’

s=k+1

s=k+1

n
o2 = |:cl3e(2k) +(@dk+Deh Y ugh-l)] ;

n
D =gy {aaugzk‘” +(4k-Dh7Y uffs)] (a=12%k=12,...,n), (1.7)
s=k

where

0 0 0
Ze((xﬁ) :SEXB) +8[(30L) (OL,BZI,Z), C11 =Cl1115--+5C66 =C1212>
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e =0,u® 40, (k=0,1....n) (1.8)

Equations (1.5)—(1.7) constitute a closed system of equations for the unknown functions cs(] ) and u(k )

2. Representation of the General Solution. Let us outline a method of representing the general solution of the system
of equations (1.5)—(1.7). Obviously, the first two equations in (1.5) hold if the stress function F'(x; ,x, )is defined by the formulas

0) _ A2 (0) - 0) _ 42
S —azF, o, = 010, F, G5y —61F. 2.1
Equations (1.6) with (2.1) yield the strain moments e(%)
=1 OXF +¢1 02F)- e S O N S W
“n 4c*cé6h 2 a 20*066hz i 2ce6h 172
) = (02 F —c02F)- (2s-1), 22
22 desc h ( H 12 ) 2c+ C66h Z ( )
It follows herefrom that
1 3 N (2s1)
0) = AF — = 2.3
e u . :
2c+ C66h Cx C66h Sgl 3 ( )
According to (2.3), the function cgg) takes the form
0 _ <3 €1€11¢66 (2s—1)
cLy = AF + 2.4
33 2C*C66 CxCgqgp S'ZI ( )

where A is the two-dimensional Laplacian, ¢« =14 ¢ / ¢g6, €] =C—Cg6 / €11, and ¢ = 1—0123 /cye33.

Substituting (2.2) into the strain compatibility equation [13], we obtain the following equality for the function
Fxp,xp )

2 - -
AAF = 213666 ZAugzs n, 2.5)
A1 =1
whence
AF = 2013666 z (25— 1) 4CC*066h ", (26)
A1 s=1 e
where u is an arbitrary harmonic function.
With (2.6), the moment G( ) becomes
2ccizh
gg) “ash u+ccy Zu(zs D} 2.7
€111 s=1

Let us consider the other equations in (1.5). Substituting the moments (1.7) and (2.7) into these equations, we obtain a
system of equations:

oo AulPM) 4 (c1y + g6 )04 €@ + (4k + )i
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k n n
x| 4 D, 0qui™ ™ ey 2 oul D —cagh Y BIIu) 20] (a=12k=12,..,n), (2.8)
s=1

s=1 s=k+1
k-1 n n
c44Au§2k_1) +(4k—Dh7| =3 Z e ycyy Z e(29) —633]’1_12 (agiil +c)u§2s_1)
s=1 s=k s=1

_ 2(4k —I)C‘Cl3 u

(k=12,...,n), 2.9)
cienh

where oc(zlfv )_1 and B(zi) are absolute constants,

(k) (S—l)(2s+l), 1§S$k, (k) S(28+1), 1SSSk,
o = =
=1 (k=1)(2k+1), k<s<n, 25 |kQk+1), k<s<n.

To construct the general solution of the system of equations (2.8), (2.9), we proceed as follows: differentiate the first
equation (o =1)in (2.8) with respect to x; and the second equation (o = 2) with respect to x, and sum the resulting expressions.
Considering notation (1.8), we obtain

k n n
cllAe(Zk)+(4k+1)h_1(—c44ZAu§25_1)+c13 ZAugZH)—c44h—1zB<2’;>e<2s)J=0 (k=1,2...,n).  (2.10)
s=1

s=1 s=k+1
Equalities (2.9) and (2.10) constitute a system of equations of the 4nth order for the unknown functions u§2k_]) and
e(2K)  Setting
0661'{:(1,1) =—?E1hu+V1, 066u§2k_1) =Voi-1 (k=2,...,7’l),
ceghe®) =v,  (k=12,...,n), (2.11)
we obtain a homogeneous system of equations for the functions v :
2n
Z(ocpk —Bpkth)Vk =0 (p=12,...,2n) (2.12)
k=0
where @ =2c3¢66 / c1c11¢33 and a ;. and B3 are dimensionless constants, which have simple explicit expressions.
Let us consider the characteristic equation
det|fo ;. —kB i [|=0 (2.13)

and assume that its roots k,, (m=1,2,...,2n) are simple and nonzero. Then, according to [13], the solution of the system of
equations (2.12) can be represented in the form

2n
V= ey, (2.14)
m=1
where V,,, are functions satisfying the equalities
AV, —k,h2V,, =0 (2.15)

The constants c,(,f) are determined by the algebraic cofactors of the elements of any row in the determinant
|0 pie =k B pi [20x2n - With (2.14), functions (2.11) become

1288



c66u()——ae1hu+Zc me Cegus ) = Zc<2" Dy (k=2,3,...,n), (2.16)

m=1 m=1
cese@®®) =h IZC(Zk)V (k=12,..,n). (2.17)

Note that Egs. (2.17) can be represented as

Co6 (8114( b1 u(Zk)) hZa(Zk)AVm,
=1

whence we can find the moments of displacement components u &2 k) (a=12)

2n 2n
2k 2k 2k
066u1( )=—h62Y2k+hzla,(n )ale, 06614 =ho Y2 +hzla( ) Vm) (218)
m= m

(28) _j-1,(2k)

where a, and Y, are arbitrary sufficiently smooth real functions.

To determine them, we will use the system of equations (2.8). Substituting (2.16)—(2.18) into (2.8), we obtain

azlAsz—karl)cMZB(k)Y ] Ma

6’66h I=1 ceqpezzh
6 AYZk _(4k+1)6’44 Zﬁ(k)Y _ 2(4k+1)6’136’44 6 (219)
cesh? crepessh

Let us introduce a conjugate harmonic function v related to the function u by the Cauchy—Riemann equations [8]:
611/1262\/, 81v=—52u. (220)

Integrating Eqs. (2.19) over x| and x,, we obtain the following system of equations (up to an arbitrary constant):

4k +1 2(4k +1
AYy, MZB(HY _ 24k +Derzeqq (k=1,2,....,n) 2.21)
Ce6 crepeszh
If
Y2 =—a:2hv+ 1> sz = Vi (k=2,3,...,n), (222)

then we have a homogeneous system of equations for y, :

n
> gy =8 h* Ny =0 (k=12,...,n), (2.23)
=1

where Skl is the Kronecker delta; Xy = 26‘13 Ce6 / 301 C11€C33, and qdi = (4k + 1)‘3(2];)044 / C66-

As above, we determine the functions y; from (2.23) and substitute them into (2.22) to obtain the expressions

n n
Yy =—eyhvt > 6P we, Yo =Y 6w (k=2,...,n), (2.24)
s=1 =

where w, are functions satisfying the equalities
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Awg —hh 2wy =0,
in which A (k =1,2,...,n)are the roots of the characteristic equation

det |[gg RSy [|=0.

(2.25)

(2.26)

The constants b S(Zk) are determined from the cofactors of the elements of some row of the determinant | g, —A 84 1,15 -

With (2.24) and (2.20), functions (2.18) become

2n n
coou ) =88 n20u+ny alfPow,, —ny. 6P a,w,,

m=1 s=1

2n n
caous™® =8 n20,u+hy alFV oV, + 1Y b ow

m=1 s=1

K

where 6&2) =&, and ngk) =0(k>1).

Substituting moments (2.16) into Eq. (2.6), we obtain

2n
AF =4hu+2Y dv,,,

m=1
whence

2n
F=hU-h2Y a{v,,

m=1

n
where U is a biharmonic function, 4u = AU, a,(no) = —2k;11d,(no), and ¢ ld,gf)) =c3 z c,(nzs_l).
s=1

Let us represent the function U in the form

U=z0(z)+z0(z)+y+ (2)+y«(z),

(2.27)

(2.28)

(2.29)

(2.30)

where @(z) and y«(z) are arbitrary analytic functions of a complex variable z=x; +ix,. Then u=¢'(z)+¢'(z) and

v=—i(9'(z)—¢'(z), and solution (2.27) can be written in complex form:

2n n
ces'™ =282 12" (2)+ 21 Y alt oy, +2inY b 0w,

m
m=1 s=1

(2.31)

where uEer) = ul(Zk ) 4 iu§2k) and 20; =0/ Ox; +i0/ Ox,, the prime denotes differentiation with respect to z, and the overbar

denotes a complex-conjugate variable.
The stress moments are defined by

(0) (0) _ 0) _ ~(0) :(0) __ 472
o, t05 =AF, G, =%, +2zcs12 = 462F,
2k 2k - 2
G§1 )+G(22 ) =2h (c12 + g6 )e ) + (4 + 1)y 3 h71 z»:g 9|
s=k+1

(2k) _ ~(2k) | »; (2k) _ 2,.(2k)
SN G5, +2l(512 —4h@2u+ )
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n
o\ i = hegy | 200D + (ak-DRT Y uY (2.32)
s=k

The expressions for the moments cgg) and cs%k )

In the domain S, let us introduce polar coordinates r,6, in addition to the Cartesian coordinates, and use formulas to
transform the stress components from one coordinate system to another. Considering functions (2.16), (2.27), and (2.31), we
obtain

(k >1)remain the same.

2n 2n
ol +ofy =4he' ()+ 0 (+2) dy 7, o) = dW,,
m=1 m=1
- 2n '
o)) oW +2ic ) =—ah| 2" ()+y'(2)-h Y. aly 82V, | P, (2.33)
m=1

2n 2n
2k 2k 2k 2k T (2k
o 1ol =2% aly,,. o =23,

m
m=1 m=1

2n n
2k 2k - _(2k 2k " 2k . 2k —2i
o7~ +2i6 G0 =4h[26§ h2"(z)+2h Y altP oy, +2ihy. b >a§wyle 200,

m=0 s=1

2n n
O 4o =2 { > o Voy, +iy quk_l)ﬁzws} e ™ (k=1,2,...,n), (2.34)

m=1 m=1

where y(z) =y’ (2).
We use formulas (2.32)—(2.34) to write boundary conditions on the boundary L, of radius R of a circular hole. If the
components of the stress vector ,;(6,8)(j =r,0,3)are prescribed on the cylindrical surface R x [-h, h], then expanding these

functions into a Fourier—Legendre series in the thickness coordinate & and equating the expansion coefficients 62.") (6)on the

boundary = R to the corresponding moments cgj’.") (r,0), we obtain
otV (r0)-icG (n0) =50 (0)-isGV(©®)  (k=01...n)
SR (r,e)‘ =62 D©O)  (k=12....n) (2.35)
r=R

where 6'2." ) (0) are the stress moments defined by

h
cg”(e):(m;] jhagf)(e,g)Pm (&)dx3. (2.36)

3. Analytic Method to Solve the Stress Problem for a Plate with a Noncircular Cylindrical Cavity. We will use the
above solution to determine the stress state of a nonthin transversely isotropic plate with a noncircular cylindrical cavity whose
surface is a nearly circular cylindrical one of radius R. When projected onto the plane S, it is an infinite domain whose boundary L
differs a little from the circle L. To solve the problem, we will use boundary-shape perturbation, which is an efficient
approximate method first proposed in [4] to determine the stress concentration around curvilinear holes in thin shells. Later, this
method was extended to three-dimensional problems of elasticity for orthogonal noncanonical domains [6, 7].

Let the smooth curvilinear boundary L of the domain S be described by the equations
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x=pcos9 +epLcosl9, y=psin9—ep!sinl9, 3.1

where x =x; /R and y =x, / R are dimensionless Cartesian coordinates; p and 9 are orthogonal curvilinear coordinates; and €
and / are parameters describing the shape of the hole. Equations (3.1) have the following complex form:

x+iy=o(0)=C+ef(§)=re®, 3.2)

where f({)=p e ¥, (=pe'®.

Since the coordinate system (p, 0, &) is rotated through an angle Brelative to (r,0,x5 )about the common axis &=x3 / A,
and expansions of the form (1.1) hold in both systems, the well-known transformation formulas for the components of the stress
tensor in the domain S yield

2k 2k 26y _ {2k (2k) QYN 2
gp>(>2lc<>(<> 210)113

62 1620 L6 | 6CR (k01 )

o2HD ik (G%"—D —i6(923k_1)) e (k=12,..n) (3.3)

where c(;") = <'">(p 9)(',j' =p,9,&)and cs(’") = gj’”(r,e)(i,j:r,e,a).
According to Egs. (3.2), the variables 7,0 and p,9 are related by

S O=arctan BAHE)  op & @C) o) o

Rea(§)’ [ o' @) )|

The boundary conditions on the boundary L of the domain S have the same form as those for a circular plate. For
example, given the stress components 6,,;,(9,&) on the cylindrical surface Lx [—h, h], we expand them into Legendre series to

obtain the following conditions for the expansion coefficients 6‘();.'3) (9 )on the boundary L:
52k _ (2k) ' (2k-1) # _ = (2k-1)
op ®:9) =600 ©) v=p0) oFf Vo) =63 0) (3.5)

When expressed in terms of the variables p and 9 using (3.4), Egs. (2.15) and (2.25) are too complicated to find their
solution with separable variables. Therefore, following [4, 6], we will seek the solution of the problem in the form of a series in
positive powers of the small parameter &:

o) (p,9)= Ze o™ (p,9), u§.’,">(p,9>=Zoaru§.',"’”<p,9>. (3.6)
—
According to (3.4), the exponents ¢’? and 2P are defined by the formulas
5 A _
e =1+8(I1(C,C)+7[ql (G 0)+29,(C O+
e =14 2¢q, (G, 0)+ 262 [¢2 (6, D)+ 42 (G O+, (3.7

and an arbitrary scalar function ¢™ (r,0) (in particular, the stress components ol(.;”) (r,0)(i,j=r0,3)) is represented as

o0
1
¢m (}",6)2 ZOSP ;Lpd)m (pa‘g)a (38)
p= :
where Lp are operators,
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Lo=1 L _ O+ o C,f(C) Cf(C)z 0
0 — 1=
2 ap 2 pos’

1 _GOFLf©Q)P 8*  EfO-¢f©F (1o, 1 2> | Q- © o (z’ o J (3.9)
? 4p? op? 4p? pop p?o92 2p2 op\pos)

and the functions ¢, (&, ¢)and qs (&, €)are given by

ql(c,@:p"zlm[Cf(mcg'(@], qz(C,C)=2pi4Im[szz(C)—CZCZf'z(C)}

If
o pos )

Ly =L Li(0g.07)=f(5)0¢ + [(8)og.

then the operators L, become

L3(8g:07)= /2 (Q37 +2/(O) (6P + /2 (8PF. (3.10)

Note that the terms of series (3.8) are determined by applying the operators L,, to the functions ¢” (p,S ) that follow
from ¢™ (r,0) after formal replacement of 7,0 by p, 3.

Considering the expansions of functions (3.6), (3.8) and using Egs. (3.3) with (3.7), we obtain (after comparing the
coefficients of like powers of €) the following relations:

T
(Zk ) (Zk ) _ (t=1) , (2k,0) (2k 1) (2k,t) _ (t=1) _(2k,0)
Spp t t ZAT (o) +o567) O t —ZAIT oy s

T
2k 2k - (2k,t) _ -/ 2kl 2kl - _(2k,1
o) - i) S ) ot iEh

T
o2k-10) _ ;s (2k=11) _ (t=1) ; ~(k-1,1) . (2k-1,1)
Coc io 7 _IZOA3 (c'3 i3 ) (3.11)

where

(0) _ A(0) _ AC0) _ M _ _ (2) _ _
AP =AY =AY =1 AP =0(0,07) 20T =15(0¢.07)
AY =241 (6 0+ Ly (9¢,07 )

A =241 (6,Olq1 (6 0)+Li (9¢,07)1+245 (6, §)+ 051y (8,07 ),
M _ 7 _

A3 _ql(gg)"_l’l(aCaac))

A =05g7 (6,8)+ Ly (9,0 )1+ 42 (6.0 +41 (6.0 (9,07 )

According to (3.8), the moments appearing on the right-hand sides of Egs. (3.11) follow from (2.33) and (2.34) after
formal replacement of , O by p, 9. If
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DO)=9'(G)  PE)=vy'(¢), ) =2C0n2/R2, 4,0 =aPn?/R2,

a:,‘1(2k) :CISnZk)hz /R2, b:(Zk) =2bs(2k)/’l2 /Rz, pr*n(Zk_l) _ p§n2k—1)h/R’ q;"(2k—1) quzk_l)/’l/R,

then
0,/ 0,/ D & 0)y(1 0,/ &~ 0)y,(1
o) + oy =4O Q)+ B (Q1+2 3 d) Wy, oy = Y v,
m=1 m=1

2n
ol —olt!) ~2ic () =42 {—h[ccb'l ©+PO1+ Y a;w)agV,}P},
m=1

2n 2n
2k,l 2k,0) _ 2k i 2k, _ T(2k)y(1
QR 1 GRED 3 S gGRY D G >_zld,; O,
m=

m=1

G ¢

m=1 =

2n n
2k,1 2k,l . (2k,1 i *2k ! . *(2k !
05, A —G(ee A —21cs£e A) = 40219 {h6£k®1(§)+ Zam( )821/,,(1) —1i le( )82w§ )},

2n n
2k-1,1 . _(2k-1,1 j *(2k-1 / . *(2k-1 !
G£3 a)_lcge ») ZZelg{zpm( )agV}’Sl)_lqu( )agwg)}’ (312)

m=1 s=1
where the functions V,,(f) and wg) are defined by
AV _2y D —o A —p2p (D =g (3.13)

where [2 =k, R* / h*, n2 =X ,R? / h?, and Ais the Laplacian.

The analytic functions @, () and ¥, (£) for the external boundary-value problem are assumed to have the form

o0 o0

0(g)=Y als, W(Q)=Y b (3.14)
n=1 n=1

The form of the functions V,f, and w‘gl) depends on the roots of the characteristic equations (2.13) and (2.26). For

example, for a magnesium material with the following elastic constants [9]: ¢;; =0.597, ¢|, =0.262, ¢13 =0.217, ¢33 =0.617,
cq4 = 0.164 (GPa), Eq. (2.13) has two complex-conjugate roots when N =2 (n=1) and two real positive and four
complex-conjugate roots when N =6 (n =3). Equation (2.26) has one and three real positive roots, respectively.

Denote the real positive root by &, and the complex-conjugate roots by k, and k5. Then

rO = Y Bk, e, v = Y CVHD (hp)e®, v = Y DPHP (sp)e™ (315

n=—w n=—0w n=—0w

where B,(ll), C,(,l), and D,(ll) are constants satisfying the equalities BSQ :E,gl), Cfl,z =(—1)”5,E[), and DSQ =(-D" 5,5[);
K, (hp) HV (Lp), and H? (I3p) are the McDonald and Hankel functions of the first and second kinds; and ; =./k; R/ h,
Iy =k, R/ h,and I =1,.

The functions wgl) have similar representations:

wd)h = S BEIK, (np)e™  (s=1,2,3). (3.16)

n=—0

1294



TABLE 1

O399
S
h/R
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
3.10 | 3.10 | 3.09 | 3.09 | 3.08 | 3.06 | 3.04 | 3.00 | 296 | 2.88 | 2.76
1
3.08 | 3.08 | 3.08 | 3.08 | 3.06 | 3.05 | 3.04 | 3.00 | 296 | 2.86 | 2.76
3.05 | 3.05 | 3.04 | 3.03 | 3.03 | 3.04 | 3.05 | 3.06 | 3.06 | 295 | 2.68
4
3.04 | 3.04 | 3.04 | 3.04 | 3.04 | 3.05 | 3.05 | 3.05 | 3.04 | 297 | 2.63

The constants aﬁll), b,(,l), B,(,l), C ,(,l), D,Sl), and B,(ls’l) are determined from the boundary conditions in the /th

approximation. In the case of the first basic problem (stress moments are prescribed on the boundary L), the boundary conditions
have the form

G;gzzc) G;gzk) . F()fzjk) icézsk) +Ggé2k) 0(2k) )‘ :~(2k) 9,8)— ZG( k)(e £)
o "(2k=1) o 2k=1) | S0Qk-D| _ =(2k-1)
S.e O, tO. L =% 3,¢), (3.17)

where G;())j(,m ) and c‘();.'f) (j' =p,9,&)are the principal stresses and perturbations due to the presence of the hole.

Thus, in solving the boundary-value problem formulated above, it is necessary, by analogy with (3.6), to expand the

principal stresses ng(,m ) and the given functions G(ék_l) (9, ¢)into series in powers of the small parameter €. In particular, if the

plate is subject at infinity to constant tensile (G(O) =2pih, G( o = =2p, h) and shear (G(O) =2th(p;, py,T)=const) forces,

then the nonzero components of the principal stress state in coordinates p,3 represented by a series in € have the form

0(0) _. 0(0) _1 1 th)e?i
NS —lcpg ) =5(p1h+ch)+5(P1h—P2h—2”h)‘3219

{1+ (O S ©-82 T QLS Q=T ©+...
o908 = pih+ pyh—cp ). (3.18)

Thus, the method outlined above allows us to determine, with required accuracy, the three-dimensional stress state of
nonthin transversely isotropic plates with noncircular cavities. The solution can be refined by increasing either the number of
terms in the Fourier—Legendre series in the thickness coordinate or the number of terms of the series in powers of the small
parameter €. As an illustration, let us determine the stress state of an isotropic plate with a circular cavity (zero approximation in

€) that is free from stresses (Es(rj'.',1 ) = 0) and subject to uniaxial tension at infinity (p; # 0, p, =1=0).

Table 1 summarizes, for N = 6(n =3), the hoop stress 6gg at the point p =1, 9 =n/ 2 throughout the thickness of an
isotropic plate with Poisson’s ratio v =0.25 for 4/ R =1and // R = 4. For comparison, the table (lower rows) includes stresses
found in [3] in solving the Kirsch problem based on the three-dimensional theory of elasticity. Table 2 shows how the transverse
stress 633 changes across the thickness at the same point on the cavity surface. The tables indicate that even the sixth Legendre
approximation produces a solution that is in satisfactory agreement with that of the three-dimensional problem. Table 3 presents
the stress components for N =2, 3, 4, 5, 6. The tabulated data demonstrate the convergence of the method.
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TABLE 2

033
S
h/R
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.272 1 0.269 | 0.258 | 0.241 | 0.218 | 0.190 | 0.157 | 0.120 | 0.080 | 0.031 |—0.002
1
0.292 | 0.282 | 0.274 | 0.268 | 0.256 | 0.223 | 0.175 | 0.148 | 0.085 | 0.020 | 0.002
0.499 | 0492 | 0.494 | 0.487 | 0.487 | 0.462 | 0.438 | 0.400 | 0.348 | 0.212 | 0.018
4
0.495 | 0.494 | 0.495 | 0.487 | 0.479 | 0.461 | 0.438 | 0.400 | 0.323 | 0.180 | 0.002
TABLE 3
N
h/R Gpg> 033 [ Exact
2 3 4 5 6
0 3.066 3.067 3.060 3.059 3.053 3.04
XL
1 2.942 2.939 2.804 2.768 2.683 2.63
4
0 0.469 0.516 0.454 0.495 0.499 0.495
G33
1 0.437 0.266 0.329 0.124 0.018 0.002

Thus, the small-parameter method can be applied to the stress—strain problem for a plate with a noncircular cylindrical

cavity beginning with N =6(n =3).
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