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a b s t r a c t

A meshless method based on radial basis functions (RBFs) is proposed for solving an eigenvalue problem

with a periodic domain. We compare Wendland’s and Wu’s compactly supported RBFs. The

computational experiments examine the accuracy of the method as a result of variation in the number

and layout of the original points and in addition, the shape factor. The results obtained from the method

are in good agreement with the analytical solutions of the problem.

& 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Often engineering problems result in a set of partial differential
equations (PDEs) along with a set of boundary conditions from the
process of mathematical modelling. A number of numerical
methods have been developed to solve these problems including
the finite-difference method (FDM), finite-volume method (FVM)
and finite-element method (FEM). The FEM is a well-developed
method but as it relies on elements that are connected by nodes in
a predefined way it has limitations. The mesh takes time to create
and often re-meshing must occur to achieve the required
accuracy. Also FEM cannot model some problems well e.g.,
element distortion may occur under large deformations which
will lead to poor accuracy. Meshless methods have been suggested
as an alternative due to their capability of solving PDEs using a set
of nodes within the domain of interest. One way of categorising
meshless methods is according to their formulation procedures,
which fall into three groups: weak-form, strong-form or colloca-
tion and a combination of weak-form and strong-form [1]. One of
the earliest meshless methods in the literature is the vortex
method by Chorin [2]. Other meshless methods include smooth
particle hydrodynamics (SPH) [3,4], the diffuse element method
(DEM) [5], the element free Galerkin (EFG) method [6], the
reproducing kernel particle method (RKPM) [7], the boundary
node method (BNM) [8], the meshless local Petrov–Galerkin
method (MLPG) [9], the point interpolation methods (PIM) [10]
and the meshfree weak-strong (MWS) form method [11].
ll rights reserved.
In 1990 Kansa [12,13] introduced the radial basis function
(RBF) collocation method for solving elliptical, hyperbolic
and parabolic PDEs. This approach (Kansa’s method) was
extended to solve various PDEs including nonlinear PDEs
(see, e.g., [14–16]). In 1999 Rippa [17] carried out work on
selecting the correct shape parameter c for the RBFs. In 2003
Platte and Driscoll [18] showed how the global RBF collocation
method could be adapted to compute eigenmodes of elliptic
operators. Platte and Driscoll paid particular attention to the
boundary regions and imposed Dirichlet and Neumann boundary
conditions. Hardy’s multiquadratics (MQ and IMQ), Duchon’s
Thin Plate Splines and Gaussians are the globally supported (GS)
RBFs which are commonly used in the literature, for solving PDEs
[19]. MQ, IMQ and Gaussian RBFs include a shape parameter,
whose numerical value can be varied to control the domain of
influence of the basis function. For example, in the case of the
Gaussian RBF, increasing the value of the shape parameter c leads
to flatter basis functions. Another class of RBF were introduced
by Wendland [20], Wu [21] and Buhmann [22]. These functions
are compactly supported (CS), i.e., the domain of influence
extends over a finite region of the domain as opposed to the
global RBFs whose influence extends over the entire domain.
GSRBFs produce a dense collocation matrix A, which tends to
become ill-conditioned as the number of collocation points
increases. The CS kernels contain a support size parameter by
which we can adjust the sparsity of the matrix, thus making A

well-conditioned [23].
This paper proposes a new meshless method to solve an

eigenvalue problem with periodic boundary conditions. Using
CSRBFs and restricting the shape parameter to a value less than or
equal to half the length of the domain ensures the periodic
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Table 1
Radial basis functions

Globally supported

fðrÞ ¼ r3 Cubic

fðrÞ ¼ e�r2=c Gaussian

fðrÞ ¼ ðc2 þ r2Þ
1=2 Multiquadratic (MQ)

fðrÞ ¼ ðc2 þ r2Þ
�1=2 Inverse multiquadratic (IMQ)

fðrÞ ¼ r2 logðrÞ Thin plate spline (TPS)

Compactly supported

fd;kðrÞ ¼ 1�
r

c

� �m

þ
:pðrÞ

for kX1
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boundary conditions are satisfied. The schemes are similar to
generalized finite differences but with the advantage of arbitrary
point locations. Due to the radial nature of the basis functions
used, the meshless method also makes no distinction regarding
the dimension of the problem. In this work, numerical results are
presented for several RBFs and compared to the analytical
solutions for the problem.

The paper is structured as follows: Section 2 introduces RBF
approximations, Section 3 presents the formulation of the
meshless method and Section 4 derives the analytical
solutions to the problem. The results of the computational
experiments are shown in Section 5 before conclusions are drawn
in Section 6.
Table 2

Wendland and Wu CSRBFs (with r2f � ðq2fðrÞ=qx2Þ þ ðq2fðrÞ=qy2Þ)

Wendland-C2

fðrÞ ¼ 1�
r

c

� �4

1þ 4
r

c

� �
r2f ¼ �

20

c5
ðc � rÞ2ð2c � 5rÞ

Wendland-C4

fðrÞ ¼ 1�
r

c

� �6

3þ 18
r

c
þ 35

r2

c2

� �

r2f ¼ �
112

c8
ðc � rÞ4ðc2 þ 4cr þ 20r2Þ

Wu-C2

fðrÞ ¼ 1�
r

c

� �5

8þ 40
r

c
þ 48

r2

c2
þ 25

r3

c3
þ 5

r4

c4

� �

r2f ¼
9

c9
ðc � rÞ3ð45r4 þ 135r3c þ 123r2c2 þ 9rc3 � 32c4Þ

Wu-C4

fðrÞ ¼ 1�
r

c

� �6

6þ 36
r

c
þ 82

r2

c2
þ 72

r3

c3
þ 30

r4

c4
þ 5

r5

c5

� �

r2f ¼
11

c11
ðc � rÞ4ð55r5 þ 220r4c þ 307r3c2

þ128r2c3 � 64rc4 � 16c5Þ
2. Radial basis functions

For scattered data ðxi; f iÞ 2 Rdþ1, 1pipN, the approximation
FðxÞ to a function f ðxÞ can be written as

FðxÞ ¼
XN

j¼1

ajfðkx� xjkÞ, (1)

where kx� xjk is the Euclidean distance between points x and xj,
N is the total number of points, fðk:kÞ is a RBF with center xj and x

is a point in Rd. The unknown coefficients aj, j ¼ 1;2; . . . ;N can be
determined by setting FðxiÞ ¼ f i, i ¼ 1;2; . . . ;N. This gives the
system of linear equations

A a ¼ F , (2)

where A ¼ ½fðkxi � xjkÞ� is an N � N matrix, a ¼ ½aj� and F ¼ ½FðxiÞ�

are N � 1 matrices. If f is positive definite, the matrix A is non-
singular, and thus the above linear system has a unique solution
that can be solved, for example, by Gaussian elimination.
Although this condition guarantees the uniqueness of some
particular RBFs interpolants if f is positive definite, the RBFs
generally can satisfy the condition of non-singularity. Powell [24]
showed that the non-singularity of the RBFs approximations
can be achieved by adding a finite number of polynomials into
system (1).

Extending this to a general steady-state problem L½u� ¼ f ,
where L is some arbitrary linear differential operator (in our case
L � r2 þ l2), then an approximation ~u to the solution u of L½u� ¼
f can be obtained by letting

~uðxÞ ¼
XN

j¼1

ajfðkx� xjkÞ, (3)

where aj are obtained by letting

L½ ~u�ðxiÞ ¼ f i; 1pipN. (4)

If the matrix AL ¼ ½Lfðkxi � xjkÞ� is non-singular, then the linear
system (4) has a unique solution and ½aj� can be obtained by
Gaussian eliminations. In general the function LfðrÞ is not
positive definite, even if fðrÞ is, and the theoretical proof of the
solvability of (4) is still an open question. However, numerous
numerical studies have shown that in many cases the matrix AL is
invertible and that ~u can provide an accurate approximation to u

for sufficiently large N.
Table 1 lists some of the commonly used RBFs in the literature.

These RBF’s are computationally appealing and have become
more and more popular in practical applications. For the
compactly supported RBFs, the central idea is to use a polynomial
as a function of r with a local support c (Wendland and Wu,
see Table 1 for the basic definition). The existence of positive
definite CSRBFs has been established by Wendland [20] and
Wu [21]. Table 2 lists some of the Wendland and Wu
CSRBFs (generally used in the literature) for roc. As usual r ¼ k:j

denotes the Euclidean norm, c is the shape parameter, d is the
dimension number, 2k is the smoothness of the function,
ð1� r=cÞmþ is the truncated power function and pðrÞ is a prescribed
polynomial.
3. Meshless method formulation

Consider the following PDE:

r2uþ l2u ¼ 0, (5)

with periodic boundary conditions. In Eq. (5), r2 is the Laplace
operator, l is a constant and the unknown function u is defined on
n-dimensional Euclidean space Rn (typically n ¼ 1;2, or 3, when
the solution to this equation makes physical sense). Eq. (5) is
commonly know as the elliptic Helmholtz equation, and arises in
many physical applications, in particular in acoustic and electro-
magnetic waves.

In two dimensions, Eq. (5) takes the form:

q2u

qx2
þ

q2u

qy2
þ l2u ¼ 0. (6)
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Substituting Eq. (3) into (6), leads to

XN

j¼1

aj

q2fðkx� xjkÞ

qx2
þ

q2fðkx� xjkÞ

qy2

 !

¼ �l2
XN

j¼1

ajfðkx� xjkÞ; i ¼ 1; . . . ;N. (7)

Eq. (7) can be written in matrix form as

La ¼ �l2Ga, (8)

where,

G ¼

g1ðx1Þ � � � gNðx1Þ

..

. ..
. ..

.

g1ðxNÞ � � � gNðxNÞ

2
664

3
775 (9)

and

L ¼

l1ðx1Þ � � � lNðx1Þ

..

. ..
. ..

.

l1ðxNÞ � � � lNðxNÞ

2
664

3
775, (10)

with

gjðxÞ � fðkx� xjkÞ; ljðxÞ � r
2fðkx� xjkÞ. (11)

Eq. (8) is a generalized eigenvalue problem. The expansion
coefficients a are found by solving Eq. (8) (for the interior points of
the domain) and (by enforcing) the periodic equations (12) and
(13) at the boundary points. The domain of the system can be seen
in Fig. 1.

The domain is made periodic by imposing the conditions

uðx;0Þ ¼ uðx; bÞ (12)

and

uð0; yÞ ¼ uða; yÞ, (13)

where a and b are the length of the edges of the domain. This was
calculated in the method as

Dx ¼minðjx� xij; a� jx� xijÞ (14)

and

Dy ¼ minðjy� yij; b� jy� yijÞ, (15)

where Dx and Dy are the difference in distances between the
points in the x and y direction, respectively, and min selects the
smallest number from the two answers calculated to give
the minimum distance taking into account the periodic boundary
conditions. Combining Eqs. (14) and (15) the Euclidean distance
was then calculated as

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

x þ D2
y

q
. (16)

This meshless method uses only CSRBFs as they are continuous
at the boundaries of the domain (along with r2f) if the correct
shape factor is selected. For a square domain the shape factor
must be less than or equal to half the value of the length of the
Fig. 1. Domain of system.
domain to ensure that the periodic boundary conditions are
satisfied.

The four CSRBFs (together with the corresponding r2f) used in
the validation of the meshless method (for roc) are shown in
Table 2.
4. Analytical solutions

To validate the results of the meshless based RBFs method,
analytical solutions of the elliptic equation (6) with periodic
boundary conditions were obtained, by imposing the following
conditions:

uðx;0Þ ¼ uðx; bÞ; uð0; yÞ ¼ uða; yÞ (17)

and

u0ðx;0Þ ¼ u0ðx;bÞ; u0ð0; yÞ ¼ u0ða; yÞ, (18)

where a and b are the lengths of the x and y domain boundaries,
respectively. Using the classical method of separation of variables,
it is can be shown that the general solutions of (6) are given by

uðx; yÞ ¼ XðxÞYðyÞ, (19)

where

XðxÞ ¼ A cos lxþ B sin lx (20)

and

YðyÞ ¼ C cos y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
� l2

q� �
þ D sin y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
� l2

q� �
. (21)

In Eqs. (20) and (21), l is some constant and

l2
nk ¼

2pn

b

� �2

þ
2pk

a

� �2

; n; k ¼ 0;1;2; . . . (22)

(using the boundary conditions (17) and (18)). Also when the
domain is square, i.e., a ¼ b

lnk ¼
2p
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ k2

q
. (23)

5. Numerical results

The computational experiments in this section were carried
out using MATLAB, all results are shown for eigenvalues scaled by
p i.e., ls ¼ l=p and the domain is a ¼ b ¼ 1. Fig. 2 shows the
layouts of the original points that are used in the generalized
eigenvalue problem to calculate the expansion coefficient a;
uniform, random and Sobol [25].

Fig. 3 shows how the actual relative error in the solution varies
as a function of the total number of points (N). The actual relative
error �r is defined at the ratio of the L1 norm of the difference
between the analytical and the numerical solutions to the L1
norm of the analytical solution, i.e.,

�r ¼
klanalytical � lnumericalk1

klanalyticalk1
. (24)

This figure also shows how the layout of the original points in the
domain affect the accuracy of the meshless method results. The
plots are for the first eigenvalue and are compared to the first
analytical answer ls ¼ 2. It can be seen from the figure that the
best results come from the uniform layout of points but that even
the random layout of points still gives accurate results. The Sobol
sequence adds points by placing the next point at the maximum
distance from the other points in the domain. It is therefore
possible to add just one extra point at a time making it more



ARTICLE IN PRESS

Uniform

Random

Sobol

Fig. 2. Design of experiments.
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flexible than the uniform points, which requires going up to the
next grid to increase accuracy. All of the point layouts show that
as the number of points is increased the accuracy of the method
increases.

Fig. 4 shows the results from the experiment to obtain the
convergence rate of the method, where h is the maximum mesh
size. Using a straight line fit between the points, the method is
found to converge at a rate of Oðh5

Þ for the C4 functions and at a
rate of Oðh3

Þ for the C2 functions. In comparison to the central
difference method, which is of order Oðh2

Þ, the C4 functions will
converge at a much faster rate than the FDM.

Fig. 5 shows the results from the experiment to find the best
shape factor parameter for the method. It can be seen from this
figure that the result becomes more accurate as the shape factor
increases toward 0.5, which is the value of half the domain length,
and highly oscillatory for c40:5.

Fig. 6 shows the relative errors between the analytical and
meshless method results for the first forty non-zero eigenvalues
which were obtained using a Sobol sequence of a 1000 points. From
Fig. 6, it is worth noting that there are only 10 distinct eigenvalues
(as they come in sets of four identical eigenvalues).
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A single point on the figure represents a set of four identical
eigenvalues. From this figure it can be seen that the results
obtained by Wu-C4 RBF are most accurate and the Wendland-C2
the least accurate. In addition, it can be seen that as the eigenvalue
number increases the accuracy of the results decreases slightly.
6. Conclusion

An eigenvalue problem with periodic boundary conditions was
solved in this paper using a CSRBF meshless method. The method
is able to obtain accurate eigenvalues from a set of initial points in
the domain of interest, using uniform, random and Sobol points.
In comparison, it is found that the results obtained using uniform
points are slightly better than those obtained using random or
Sobol points. In addition, it is found that the Wu-C4 RBF gives the
most accurate results when compared with the analytical
solutions to the problem and the Wendland-C2 the least accurate.
The experiments show that the best value for the shape parameter
of the RBF for this problem is c ¼ 0:5.
Acknowledgements

The authors are grateful to the referees for the comments and
suggestions which are incorporated into the paper. This research
was funded by the Microsoft Institute for High Performance
Computing, Southampton, and INTAS Young Scientist Fellowship
Award 1000019-6375 to VOK(2007-8).

References

[1] Liu GR, Gu YT. An introduction to meshfree methods and their programming.
Dordrecht: Springer; 2005.

[2] Chorin AJ. Numerical study of slightly viscous flow. J Fluid Mech 1973;57:
785–96.

[3] Lucy LB. A numerical approach to testing the fission hypothesis. Astron
J 1977;82:1013–24.

[4] Gingold RA, Moraghan JJ. Smooth particle hydrodynamics: theory and its
application to nonspherical stars. R Astron Soc, Mon Not 1977;181:375–89.

[5] Nayroles B, Touzot G, Villion P. Generalizing the finite element method:
diffuse approximation and diffuse elements. Comput Mech 1992;10:307–18.
[6] Belytaschko T, Lu YY, Gu L. Element free Galerkin methods. Int J Numer
Methods Eng 1994;37:229–56.

[7] Liu WK, Jun S, Zhang YF. Reproducing kernel particle methods. Int J Numer
Methods Eng 1995;20:1081–106.

[8] Mukherjee YX, Mukherjee S. Boundary mode method for potential problems.
Int J Numer Methods Eng 1997;40:797–815.

[9] Atluri SN, Zhu T. A new meshless method local Petrov–Galerkin
(MLPG) approach in computational mechanics. Comput Mech 1998;22:
117–27.

[10] Liu GR, Gu YT. A local radial point interpolation method (LR-PIM) for free
vibration analyses of 2-D solids. J Sound Vibr 2001;246(1):29–46.

[11] Liu GR, Gu YT. A meshfree method: meshfree weak-strong (MWS) from
methods for 2-D solids. Comput Mech 2002;33(1):2–14.

[12] Kansa EJ. Multiquadratic—a scattered data approximation scheme
with applications to computational fluid dynamics—I. Surface approxima-
tions and partial derivatives estimates. Comput Math Appl 1990;19(8–9):
127–45.

[13] Kansa EJ. Multiquadratic—a scattered data approximation scheme with
applications to computational fluid dynamics—II. Solution to parabolic,
hyperbolic and elliptical partial differential equations. Comput Math Appl
1990;19(8–9):147–61.

[14] Hon YC, Mao XZ. An efficient numerical scheme for Burger’s equations. Appl
Math Comput 1998;95:37–50.

[15] Fedoseyev AI, Friedman MJ, Kansa EJ. Continuation for nonlinear elliptic
partial differential equations discretized by the multiquadratic method.
J Bifurcation Chaos 2000;10:481–92.

[16] Chinchapatnam PP, Djidjeli K, Nair PB. Meshless domain decomposition
schemes for elliptic nonlinear PDEs. In: Proceedings: third MIT conference
on computational and solid mechanics. Cambridge, USA: Elsevier; 2005.
p. 1082–6.

[17] Rippa S. An algorithm for selecting a good value for the parameter c in radial
basis function interpolation. Adv Comput Math 1999;11:193–210.

[18] Platte RB, Driscoll TA. Computing eigenmodes of elliptical operators using
radial basis functions. Comput Math Appl 2004;48:561–76.

[19] Kansa EJ, Hon YC. Circumventing the ill-conditioned problem with
multiquadratic radial basis functions. Comput Math Appl 2000;29:
123–37.

[20] Wendland H. Piecewise polynomial, positive definite and compactly sup-
ported radial functions of minimal degree. Adv Comput Math 1995;4(4):
389–96.

[21] Wu Z. Compactly supported positive definite radial functions. Adv Comput
Math 1995;4(3):283–92.

[22] Buhmann MD. A new class of radial basis functions with compact support.
Math Comput 2000;70:307–18.

[23] Wu Z. Solving PDEs with radial basis and the error estimation. In: Chen Z, Li Y,
Licchelli CA, Xu Y, editors. Advances in computational mathematics, lecture
note in pure and applied mathematics, vol. 202, 1998.

[24] Powell MJD. The theory of radial basis function approximation. In: Light W,
editor. Wavelet, subdivision algorithm and radial basis functions, vol. II.
Oxford: Oxford University Press; 1990. p. 105–210 [chapter 3].

[25] Press WH, Teukolsky SA, Vetterling WT, Flannery BP. Numerical recipes in C.
Cambridge: Cambridge University Press; 1992.


	Solving an eigenvalue problem with a periodic domain using �radial basis functions
	Introduction
	Radial basis functions
	Meshless method formulation
	Analytical solutions
	Numerical results
	Conclusion
	Acknowledgements
	References


