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THE INTERACTION OF LINEAR RIGID INCLUSIONS AND CRACKS

L. T. Berezhnitskii, M. P. Savruk, UDC 539.375
and N. G. Stashchuk

An effective general approach in selving fracture mechanics problems of the mutual in-
fluence of crack-notches in elastic areas is the method of singular integral equations [1].
On the basis of the results of [1, 2] this article gives the basic relationships and equa-
tions characterizing the stress—strain state of an elastlc plane with arbitrarily oriented
linear rigid inclusions and cracks.

1. The Stress—Strain State of a Plane with Straight Rigid Inclusions and Cracks. Let
us consider an isotropic plane containing N straight defects (m cracks and N-m rigid inclu-~
sions) with a length of 27, (n =1, 2, 3,..., N). Let us select the xpOnyn local system of
coordinates in such a manner that the origin of the coordinates coincides with the centers zg
of the defects and the Opxpy axes are directed along them. The contours of the cracks are
loaded by the non-self-balancing forces

G;f_'"itr%:pn(tu)iQn(tn): n=123,...,m. &

On the lines of the rigid inclusions are specified the derivatives from the displacements

2G£0¢+wi=h%@ig/myn:m+Lm+Z””N

a, " " | (2)
and at infinitely removed points of the plate stresses and rotation are absent. The indices
"+ and "-" designate the limiting stresses and displacments on the line of the defect from

above and from below, respectively, G is the shear modulus, and t, is the point on the contour
of the crack or inclusion.

Introducing the designations
{'_ 2Qn (trz)' ‘QP,, (tn)}s ?; =—1 3
{ 2gn, (tn)’ 2fnl (tn)}y P; =%,

where = 3-4 p for plane deformation, ® = (3-u)/(14+u) for generalized plane stressed state, and
1 is Poisson's ratio, we represent the complex potentials ¢(z) and ¥(z) [1, 2] in the follow-

ing manner:

{@@zaxa@;m}={

N IFG A—G
O (2) =1/(2%0) ), (pe—p3)~" J e (e z ) @
r=1 —2,

I
y [kak(pk, 1)—p;G(0p t)

N
U (2) = —1/(2mi) ) (px—pp) "™ —

k=1
—1,

T, e [G, (b, 1) — Gy (oh, )]
G=TA ] ®

+

Here op is the angle of slope of the k-th defect to the Ox axis. Ty = telk 4 zk. The
parameter pf(py) acquires the values of —1(%) for cracks and % (—1) for rigid inclusioms. We
find the unknown functions Gk(pk, t) from the system of integral equations
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N & e Gy (pp t) o2

T { 1Q 00 00) Kaa (s 5305020 + QU o ) L (62) - 4 =22 okt = P 5, ),
&

[x|<lp n=1,2,3,...,N, (6)
in which anyp = oo

Ko (b %3 65 g)=—i "0 [p2 (T — X,) + 83 e 7%)(T, — X )I;

Lo (t, x) = — ie % [”(fk - 7{n) — (T, — X,) ef”“"/(ﬁ - Xn)zl; (7
Q (¢, 05 p) =[Gy o t) — Gr (83 D)1/ —p4):
X,,=xei“ﬂ+z‘}l. (8)

The solution of system (6) must satisfy the conditions

lll

I’l
[eteerat=—ra {6,G0a=26—0) X 17 0o )
_ln

n

providing uniqueness of the displacements in the circuit of the defect contours. At the same
time, let us assume that the main vector of the forces in the projections of X, and Yn on
the Ox and Oy axes are known for each defect individually and the function gn(t,) at the ends
of the notches is equal to zero.

When the distance between the centers of the defects is sufficiently large, then the
solution of Eqs. (6) may be constructed by the asymptotic method presented, for example, in
[1]. The unknown function G,(pp, x) is sought for in the form of the series

Gn (pm X) = Z an (Pm x} )\p,
p=0

(10)
where
V= 2l/d; | = max {l,}; d = min {d,;} = min {(2 — 20) e s},
For the kernel of the system represented by relationships (7) the expansions
Knlz (t’ x; p;v P;)) v (ankps)
= 5 xP—S g—p -1
( Lﬂk (t’ x) ,02-=0 gﬂ nkps " (11)

are true where )
Anips = L(— 1) C5 {p, exp {— i [(p+1) B — (p — $) 2, — (s+1) 0]} +
T o exp i+ DBu— (P —s+2) 0, — (s —1)a]});
bups = (= 1)+ {(p+ 1) Cyexp {i [(p+3) B — (P — 5+ 2) 0, —
— s+ 1D ael; — (G +pC;_ ) exp {i [(p41) By — (P—5) @ — (s 4+ 1) @]} —
—pCiexp{i[(p+1) B — (P —s+2)a,— (s — 1) 0, ]}}, (12)
C=p(p—D{P—2)-(p—s+1)s!
Cs==0with p<s, CO =1with p>0.
According te the solution found of (10) and the equation

Kt — iKg, = T ip, (p, — py)~" 1im Vm (22— <)/, G, (o, x),
x—»iln (13>
we determine the stress intensity factors in the vicinity of the tip of the crack or the

rigid inclusion [1, 3]. Here "+" and "-" refer to the right and left tips of the defect,
respectively.
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Under the action of an external load, rigid inclusions may rotate by some angle ej. If
an inclusion is held from rotation, then a moment M, must be applied to it [4]. The moments
or angles of rotation for rigid inclusions are found from conditions of equality to zero,
respectively, of the angle of rotation of a rigid inclusion or of the main moment of forces
acting on each inclusion individually [3, 4]:

Iﬂ

M, =p; (b, —pa)™" RE{ jx [Gs (0m )/, + G, (pnr x)] dx } =0. (14)

_In
2. Two Arbitrarily Oriented Defects of Equal Length. In the general case of biaxial

tension of a plate with two defects by the forces o; = p and 0; = q at infinity we must
assume [1, 4]

Fo(eyts) =05p[(1—p)(1 +7,) + 2 (1 — mp) €] + 4iGe,, (15)

where noe = q/p, n = 1, 2; and €, is the angle of rotation of the n-th rigid inclusion (e, =
0 for a crack).

Using the above method, let us determine the function Gn(pn, x). After a series of
cumbersome calculations on the basis of Eq. (13) we obtain expressions for the stress inten-
sity factors, which we present here with an accuracy of O(A“):

K& = (0 Vw1 — p2)(1 + 1) + 2 (1 — 1) €08 2, + 12 {(1—p}) X
X (1 +me)[(p, — 1) cos 2 (B—ap) + (o, — 1) cos2 (B —a,) +
+2c0s2(28 —a, — )] + 2 (1 — )| (p, — 1) cos 28 +
+ ppcos2 (B — o, —a,) +2c052(28 —a,) — cos2 (B —a,+ o) ]}/(16p,) £
+ (= P2 {(1— @)1 -+ 10)[(F, — 2) cos (3B — & — 20) +
+ (p, — 1) cos 3 (8 — a,) + 3 cos (58 — 3z, — 2a,)] +
+ 2 (1—no)[(p, —2) cos (3p — a,) + g cos (3p — 3, — 2%,) +
-+ 3 cos (5 — 3a,) — cos (3 — 3a, + 2,)]}/(32¢,)} —
— N VwlG {s, [(1 —g;) sin2 (B — ap) + (b + 1) sin 2 (B — &) -
—25in2 (2 — ay—ay)] + (— 1)%re,0,5[(2 — py) sin (38 — @, — 2,) -+
+ (p; -+ 1) sin 3 (8 — a,,) — 3 sin (56 — 3a, — 2a,)|}/(8p;) + O (W); (16)
Kun=(pV'=l[4){2 (1 — m) sin 20, — 32 {(1 —p)(1 + np)[ — (o, + 1) X
X sin2(B —a,) + (p; — 1)sin2 (B — «,) + 2sin 2(26 — @, —a,)] +
+2(1 —m)[— (1 +p,)sin2B +0,sin2 (B —a,—a,) +
+ 258in 2 (28 — w,) — sin 2 (B — @, ~ay)]}/(1605) F (— 1ER X
X {1 — o) (1 4 m)[— (o, 4 2) sin (3B — o, — 23,) -+ (p, — 1) X
X sin 3 (B — a,) + 3 sin (58 — 3a, — 2,)] +2 (1 — 7o) X
X [— (o}, + 2) sin (88 — a,) +p; sin (3 — 3a, — 2a4)+
+ 3sin (58 — 3a,) — sin (3¢ — 3a, + 2a,)]}/(32p,)} —

—0,5GV wl{de, +e,22{(p; + 1) cos2(B — ) + (p+ 1) cos 2 (B — a,) —
— 208 2(2B — a, — ax)]/(4p;) £ (— 1)* .M [(2+p;) cos (3F —a, — 2a,) +
+ (o, + 1) cos 3 (8 — o) — 3 cos (58 — 3a, — 20,) | /(8p;)} + O (). (17)

To calculate the moments holding rigid inclusions from rotations, on the basis of Eq.
(14) we obtain the expression

M, ==2(p, + 1) p {(mg — 1) sin 20, -+ 22 {(1 —p ) (1 +mp)[— (¢, + 1) X
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X sin 2 (8 — ) + (py — 1) sin 2 (§ —a,) + 25in2 (28 — o, — )] +
+2(1 = m)[— (5, + 1) sin 2 +p} sin 2 (§ — ¢, —a,) +-25in 2 (2 —a,) —
— 8102 (B —a, + 2)[}/(326])}/(46]) + w2 (5] + 1) G {Ae, + 222, X
X [(ph+ 1) cos 2 (B—a,) + (o} + 1) cos 2 (B — a,) —
— 2082 (28 — &, — 5,)|/(40;)}/(40]) + O (). (18)

The angles of rotation of the inclusions €, are easy to calculate from Eq. {18), equat-
ing the moment M, to zero.

Equations (16)-(18) reflect a series of particular cases of the interaction of pairs of
different types of defects in the general case of plane tension-compression. For example,
from the equations and relationships given above follow the results obtained earlier [1].

3. The Interaction of Crack-Inclusion Type Defects. From solutions (16)~(18) and tak-
ing into consideration terms of the order of A" the angles of rotations and the stress inten-
sity factors were calculated for different orientations of the defects. The cases c¢f inter-
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action of crack—crack, crack—inclusion, and inclusion—inclusion pairs were considered indi-
vidually. In the calculations i = 0.3 under conditions of the plane stressed state was
accepted.

Figures 1-3 show the results of calculations with a constant A = 0.5. The letters "C"
and "I" in the superscripts with the wvalues designate the cases where the defect is a crack
or an inclusion, respectively.

Figure 1 shows graphically the change in the angles of rotations of rigid inclusions ¢;
and €, in relation to the angle R in uniaxial tension of a plate with the forces oo = p.
Here is also presented the relationship of the angle of rotation ¢ for a single rigid inclu-
sion oriented at an angle of B to the Ox axis.

A rigid inclusion located perpendicular to the tensile forces oL = p in the presence of
a second defect rotates, but a crack has a less strong influence on the angle of rotation than
a rigid inclusion: ]e{cl >]o£1

From Fig. 1 it may be seen that the angle of rotation of a rigid inclusion EEI depends
substantially upon its orientation and in the case of two inclusions it differs little from
the angle € for an isolated inclusion of similar orientation. A horizontally lying crack
haélmore %nfluence on the angle of rotation of the second defect than an inclusion since
el$t > et

Figure 2 illustrates the change in stress intensity factors Kfn(n = 1, 2) in relation to
the angle B. Here the second subscript designates the number of the defect. The broken lines
refer to its left tip and the solid to its right.

The most unfavorable for the crack—crack pair is the orientation 8= 57/36. The presence of
a rigid inclusion in a crack—inclusion pair with B = 7/3 is more dangerous_than the case of
two interacting cracks since K%}:>K%E. With an orientation of B = 7/6, KI% = 0 and KI% = 0,
which is an indication of the minimum influence of the first defect on the intensity of
stresses around the second since for an isolated rigid inclusion Ky = 0 with B = m/6.

Figure 3 provides a concept of how the stress intensity factor Kyp, changes around a
defect in the plans considered. Most unfavorable are the crack—crack and inclusion—crack
pairs with an orientation of the second defect of B = /4 since in this case Kyyp reaches
maximum values.

The change in the stress intensity factors K; and K;y in the case of parallel defects
is shown graphically in Figs. 4 and 5. In the calculations the distance between the centers
of the defects rz = d;/2] was changed and the vertical distance between the lines of their
location ry, = d,/27 = 2 was fixed.

The inclusion in the crack—inclusion and inclusion—inclusion pairs has little influence
on the intensity factors K%{ and K%% while the presence of a crack leads to substantial de-

viations of the values of K%% and K%g from the corresponding stress intensity factors for
isolated defects.
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The development of fracture may start at the inner or the outer tips of defects depend-
ing upon their nature and mutual location.

The deviation of Kyp, (Fig. 5) from the zero value (KII = 0 in the case of an isolated
crack or rigid inclusion) does not exceed 4-5%, which is an indication of the insignificant
mutual influence of defects in the concrete case considered.

LITERATURE CITED

1 V. V. Panasyuk, M. P. Savruk, and A. P, Datsishin, The Distribution of Stresses near
Cracks in Plates and Shells [in Russian], Naukova Dumka, Kiev (1976).

2, M. P. Savruk, "A system of curved cracks in an elastic body with varicus boundary con-
ditions at their edges,'" Fiz.~Khim. Mekh. Mater., No. 6, 74-84 (1978).

3. V. V. Panasyuk, L. T. Berezhnitskii, and I. I. Trush, "The distribution of stresses
near rigid sharp~angled inclusion type defects," Probl. Prochn., No. 7, 3-9 (1872).

4., N. I. Muskhelishvili, Some Basic Problems of the Mathematical Theory of Elasticity [in

Russian], Nauka, Moscow (1966).

AXISYMMETRIC DEFORMATION OF A SPACE WITH TWO THIN ELASTIC
INCLUSIONS

V. P. Silovanyuk UDC 539.3

The problem of determining the field of stresses in a space containing two ellipsoidal
inhomogeneities has been considered in [1, 2], but it should be noted that in both cases the
solution given was very laborious.

We have cbtained a comparatively simple approximate solution of this problem which
agrees well with known results.

Let an infinite isotropic space contain two coaxial inclusions rigidly bound to it and
bound by the oblate surfaces of rotation v(1) and v(?) symmetric relative to the center areas
s(*) and s(2) | The 0z axis of the cylindrical system of coordinates r, ¢ , z coincides with
with the common axis of the inclusions and the z = 0 plane with the plane of symmetry of the
upper inclusion. It is assumed that the inclusions are different in their geometric and
elastic parameters. The space is under the action of the axisymmetric tensile forces F(r)
which cause in the case of a uniform bedy in the areas s(*) and S(2>, respectively, the nor-
mal f(1 (r) and f(z)(r) and tangential g(')(r) and g(z)(r) stresses. Let us determine the
stress distribution in the space in the vicinity of the inclusions.

The assumption of the thinness of the inclusions and also the results of [3, 4] make
it possible to obtain for determination of the stresses in the small vicinity of their equi-
torial cross sections the relationships

_EIS&_ g(i)(r)sg(i)(;‘)_}_
VaeO+er)y

(i=1,2)

K

el (1)
Va(p®+2r)

oW (r) = (r) +

where the superscripts refer the values to the upper ("1") and lower ("2") inclusions, re-
spectively; p(i are the radii of the meridial cross sections of the surfaces V(i); k{i) and
K11/ are the stress i?tensity factors for the crac%s S(l), the edges of which are subjected
to normal f£1>(r)1f(l (r) and tangential gél)(r)—g l)(r) stresses; fﬁl and g*l are the
stresses occurring on the surfaces V\1) under the action of the forces F(r), which as a re-
sult of the thinness of the inclusions may be presented in the form
. AL (ry . A (r
100 =S £ 89() = gt an, (€ s

G. V. Karpenko Physicomechanical Institute, Academy of Sciences of the Ukrainian SSR,
L'vov. Translated from Fiziko-Khimicheskaya Mekhanika Materialov, Vol. 17, No. 2, pp. 76-82,
March-April, 1981. Original article submitted April 8, 1980.

0038-5565/81/1702-0175%07.50 © 1981 Plenum Publishing Corporation 175



