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Abstract

The fracture stability of a circular cylindrical crack in an infinite incompressible solid subjected to an axial com-

pression is considered. A state of subcritical initial strain is assumed. The failure criterion is based on the local stability

loss. The investigation is carried out in a single form for the hyper-elastic bodies with an arbitrary type of an elastic

potential. Critical loads are determined for axisymmetric forms of a stability loss in the region local to the crack. The

linearized problem reduced to the eigenvalue problem is solved numerically. Numerical results are obtained for solids

with Treloar potential.

� 2003 Published by Elsevier Science Ltd.

1. Introduction

The problem concerning the phenomena of a

subsurface convexity and delamination are suf-

ficiently typical in geomechanics, mechanics of

composites, engineering sciences. These pheno-

mena appear, in particular, in the case of com-

pression of cracked solids along the defects.

However, it should be noted, that the problems of

fracture mechanics of materials under compression
along the cracks represent a special class of prob-

lems. When forces are applied along the crack, the

stress intensity factors calculated on the basis of

the linear fracture mechanics are equal to zero [1].

Consequently, the classical fracture criteria of the

Griffith–Irwin type, the crack propagation crite-

rion [2,3] and also their generalizations used in the

linear fracture mechanics are not applicable for
this type of loading.

It was shown as early as in fundamental studies

carried out by Euler on the critical force for

compressed bars that the loss of stability, i.e. when

the load reaches the critical force can be regarded

as the beginning of failure. Therefore, in loading

along the cracks it is rational to use, the stability

criterion within the framework of the linearized
stability theory proposed in [4]. Here, the fracture

process is assumed to correspond with the local

stability loss near the crack and quantified in terms

of a critical eigenvalue.

Planar and space problems of material fracture

studied on the basis of linearized formulation

solids in compression along a single crack or crack

arrays distributed in the same plane have been
analyzed in [5–8]. The compression of materials

along surface cracks has been examined in [9–12].
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The compression of a periodic system of parallel

cracks and two internal parallel cracks were stud-

ied in [13].

Some failure problems have been considered in

[14–19]. This paper is devoted to an axisymmetri-

cal problem on uniform axial compression of Neo-
Hookeanmaterial containingafinite cylindrical cut.

2. Basic equations

In the linearized problem, Lagrangian coordi-

nates xj are defined to coincide with Cartesian
coordinates in the undeformed state. The compo-
nents of the disturbance of the asymmetric Kir-

chhoff stress tensor are denoted by tij and are
referred to the unit area of the undeformed body.

The components of the disturbance of the dis-

placement vector are given by uj.
The infinite solid made of an incompress-

ible material is subjected to uniform uniaxial

pressure––p in the x3-direction. As a result of the
compression parallel to the crack axis, a homoge-

neous initial (undisturbed) state takes place near

the crack-like defect [14,20]

u0j ¼ djmðkj � 1Þxm; k1 ¼ k2 6¼ k3 ðkj ¼ constÞ;
ðk3 < 1Þ;

S011 ¼ S022 ¼ 0; S033 6¼ 0 ðS033 ¼ constÞ;
ð1Þ

where j ¼ 1; 2; 3. The superscript ‘‘0’’ refers to the
initial state such that S0ij are the components of the
symmetric stress tensor in the undisturbed state.

The parameters kj (j ¼ 1; 2; 3) are the contraction
ratio, while dij is the Kronecker symbol.

In the case of the homogeneous initial state (1),

the linearized equilibrium equations for incom-

pressible solids are [8,14]

�ijab
o2ua

oxi oxb
þ qij

op
oxi

¼ 0; qij
ouj
oxi

¼ 0; ð2Þ

while the stresses can be obtained from the fol-

lowing relations [8]:

tij ¼ �ijab
oua

oxb
þ qijp; qma ¼ dmaqm: ð3Þ

Here p is a perturbation of the value p0 incoming
in governing relations for incompressible solids as

a Lagrangian coefficient corresponding to the

condition of incompressibility. The components of

the tensor e�� for the large initial deformation the-

ory are [8]

�ijab ¼ kjka½dijdabAib þ ð1� dijÞðdiadjb þ dibdjaÞlij�
þ dibdjaS0bb: ð4Þ

The values lij, Aij, and consequently, components

of the tensor e�� are determined accordingly to the

type of the elastic potential [8]

Aij ¼
o2W0
oe0i oe

0
j

� 2p0dijk
�4
j ; S0ii ¼

oW0
oe0i

þ k�2
i p0;

lij ¼
1

2ðe0i � e0j Þ
o

oe0i

 
� o

oe0j

!
W0 � p0k

�2
i k�2

j ;

k1k2k3 ¼ 1; qi ¼ k�1
i : ð5Þ

Let the coordinate system xm now chosen to be a
cylindrical polar system ðr; h; x3Þ with the axis x3 as
one of the cylindrical crack.

The general solutions of Eqs. (2) depend on the
roots n01 and n02 of the governing characteristic
equation. For an axisymmetric problem under the

homogeneous initial state (1), the general solutions

in the case of unequal roots n01 6¼ n02 are repre-
sented by the relations [14]

ur ¼
ou1
or

þ ou2
or

; u3 ¼ m1
ou1
or

þ m2
ou2
or

: ð6Þ

The representations for the components of the

Kirchhoff stress tensor ~tt are given by [20]

tr3 ¼ C44 d1
o2u1
o rox3

�
þ d2

o2u2
orox3

�
;

trr ¼ C44

�
�p1 l1

o

ror

�
þ o2

ox23

�
u1

� p2 l2
o

ror

�
þ o2

ox23

�
u2

�
:

ð7Þ

Here the following notations are used:

C44 ¼�1313; mj ¼ q11q�133 nj; dj ¼ 1þ�1331�
�1
1313mj;

pj ¼ ½q11q�133 ð�1133��1313Þnj��1133mjþ�3113���1
1313;

lj ¼ ð�1111��1122Þ½q11q�133 ð�1133��1313Þnj
��1133mjþ�3113��1;

ð8Þ
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where the roots n1 and n2 of the governing char-
acteristic equation are

n1;2 ¼ c	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � q233q

�2
11 �3113�

�1
1331

q
2q211�1331c ¼ q211�3333 þ q233�1111

� 2q11q33ð�1133 þ �1313Þ:

ð9Þ

3. Problem formulation

Consider a hyper-elastic infinite solid with a

circular cylindrical crack of length 2a and radius b.
Let ðr; h; x3Þ be the cylindrical coordinates with the
x3-axis, coinciding with the axis of the cylindrical
crack. Then, the crack occupies the region: fr ¼ b;
06 h < 2p;�a6 x36 ag. The infinite solid is sub-
jected to uniform uniaxial pressure in the x3-
direction at infinity. As a result of the compression
parallel to the crack axis, a homogeneous initial

stress and strain state occurs near the crack-like

defect (1).

We separate the space into two regions r < b
and r > b. Denote by the superscript ‘‘1’’ the
quantities referred to the region r < b and by the
superscript ‘‘2’’ the ones referred to the region

r > b.
The crack surfaces are assumed to be free of

stresses. With reference to the foregoing two re-

gions we have the following conditions:

tð1Þrr ¼ 0; tð2Þrr ¼ 0; when r ¼ b; �a6 x36 a;

tð1Þr3 ¼ 0; tð2Þr3 ¼ 0; when r ¼ b; �a6 x36 a:

ð10Þ

At the regions boundary outside the crack ðr ¼ b;
jx3j > aÞ, the conditions of the stresses and dis-
placements continuity should be satisfied

uð1Þr ¼ uð2Þr ; uð1Þ3 ¼ uð2Þ3 ; when r ¼ b; jx3j > a;

tð1Þrr ¼ tð2Þrr ; tð1Þr3 ¼ tð2Þr3 ; when r ¼ b; jx3j > a:

ð11Þ

Due to the symmetry with respect to the plane

x3 ¼ 0 the boundary conditions (10) and (11) may
be rewritten as follows:

tð1Þrr ¼ tð2Þrr ; tð1Þr3 ¼ tð2Þr3 ;

when q ¼ 1; 06 j1j < 1;

tð1Þrr ¼ tð2Þrr ¼ 0; tð1Þr3 ¼ tð2Þr3 ¼ 0;
when q ¼ 1; j1j < b;

uð1Þr � uð2Þr ¼ 0; uð1Þ3 � uð2Þ3 ¼ 0;
when q ¼ 1; j1j > b;

ð12Þ

where

q ¼ r=b; 1 ¼ x3=b; b ¼ a=b ð13Þ
are the dimensionless values.

4. Derivation of dual integral equations

To obtain a system of dual integral equations,

the theory of theFourier integral transforms is used.

The potential functions u1ðr; x3Þ and u2ðr; x3Þ
referring to the regions ‘‘1’’ and ‘‘2’’ may be ex-

pressed in the form of Fourier integral transforms

satisfying the regularity conditions for the dis-
placements and stresses as r ! 1.
Referred to the region ‘‘1’’, there results

C44u
ð1Þ
i ¼

Z 1

0

fiðkÞ � I0ð
ffiffiffiffi
ni

p
kqÞ � cos 1kdk ði¼ 1;2Þ:

ð14Þ
The following applies to the region ‘‘2’’:

C44u
ð2Þ
i ¼

Z 1

0

giðkÞ �K0ð
ffiffiffiffi
ni

p
kqÞ � cos1kdk ði¼ 1;2Þ;

ð15Þ
where fiðkÞ, giðkÞ (i ¼ 1; 2) are unknown functions;
I0 and K0 are the modified Bessel functions. Sub-
stituting Eq. (14) into (6) and (7), it is found that

C44buð1Þr ¼
X2
i¼1

Z þ1

0

fiðkÞ
ffiffiffiffi
ni

p
kI1ð

ffiffiffiffi
ni

p
kqÞ cos 1kdk;

C44bu
ð1Þ
3 ¼ �

X2
i¼1

Z þ1

0

fiðkÞmikI0ð
ffiffiffiffi
ni

p
kqÞ sin 1kdk;

b2tð1Þr3 ¼ �
X2
i¼1

Z þ1

0

fiðkÞdi
ffiffiffiffi
ni

p
k2I1ð

ffiffiffiffi
ni

p
kqÞ sin 1kdk;

b2tð1Þrr ¼
X2
i¼1

Z þ1

0

fiðkÞpi
ffiffiffiffi
ni

p
k2

kffiffiffiffi
ni

p I0ð
ffiffiffiffi
ni

p
kqÞ

�
� li

q
I1ð

ffiffiffiffi
ni

p
kqÞ
�
cos 1kdk:

ð16Þ
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Similarly, for r > b the following displacements
and stresses are

C44buð2Þr ¼�
X2
i¼1

Z þ1

0

giðkÞ
ffiffiffiffi
ni

p
kK1ð

ffiffiffiffi
ni

p
kqÞcos1kdk;

C44bu
ð2Þ
3 ¼�

X2
i¼1

Z þ1

0

giðkÞmikK0ð
ffiffiffiffi
ni

p
kqÞsin1kdk;

b2tð2Þr3 ¼
X2
i¼1

Z þ1

0

giðkÞdi
ffiffiffiffi
ni

p
k2K1ð

ffiffiffiffi
ni

p
kqÞsin1kdk;

b2tð2Þrr ¼
X2
i¼1

Z þ1

0

giðkÞpi
ffiffiffiffi
ni

p
k2

kffiffiffiffi
ni

p K0ð
ffiffiffiffi
ni

p
kqÞ

�
þ li

q
K1ð

ffiffiffiffi
ni

p
kqÞ
�
cos1kdk:

ð17Þ
Taking into account Eqs. (16) and (17), from the

boundary conditions (12), we determine the func-

tions giðkÞ in the terms of fiðkÞ (i ¼ 1; 2). Without
going into details the rest boundary conditions

yields the following system of the dual integral

equations with respect to the new unknown func-
tions BrðkÞ and B3ðkÞZ þ1

0

k½a11 � BrðkÞ þ w11ðkÞ � BrðkÞ þ w12ðkÞ � B3ðkÞ�

� cos 1kdk ¼ 0 ð06 1 < bÞ;Z þ1

0

k½a22 � B3ðkÞ þ w21ðkÞ � BrðkÞ þ w22ðkÞ � B3ðkÞ�

� sin 1kdk ¼ 0 ð06 1 < bÞ;
ð18ÞZ þ1

0

BrðkÞ cos 1kdk ¼ 0 ðb < 1 < 1Þ;Z þ1

0

B3ðkÞ sin 1kdk ¼ 0 ðb < 1 < 1Þ;
ð19Þ

where a11 and a22 are the following constants:

a11 ¼
1

2
�
ffiffiffiffiffi
n1

p
d1p2 �

ffiffiffiffiffi
n2

p
d2p1

ðd1 � d2Þ
ffiffiffiffiffi
n1

p ffiffiffiffiffi
n2

p ;

a22 ¼
1

2
�
ffiffiffiffiffi
n1

p
d1p2 �

ffiffiffiffiffi
n2

p
d2p1

m1p2 � m2p1

ð20Þ

and

w11ðkÞ ¼ w22ðkÞ ¼ Oð1=k2Þ;
w12ðkÞ ¼ w21ðkÞ ¼ Oð1=kÞ:

ð21Þ

The obtained dual integral equations are reduced

to a system of linear algebraic equations by use of

the series expansion method.

5. Solution of the system of dual integral equations

To solve Eqs. (18) and (19), the unknown

functions BrðkÞ and B3ðkÞ are chosen in such

manner that Eqs. (19) are automatically satisfied.

Therefore, assume BrðkÞ and B3ðkÞ to be the fol-
lowing infinite series with respect to the Bessel

functions of the first kind Ji and the unknown
constants aj and bj

BrðkÞ ¼
X1
j¼0

ajk
�1J2jþ1ðbkÞ;

B3ðkÞ ¼
X1
j¼0

bjk
�1J2jþ2ðbkÞ:

ð22Þ

Substituting Eqs. (22) into (19), we find that the

both integral equations are automatically satisfied.

Substituting Eqs. (22) into (18), the following re-

lations for 0 < 1 < b are found:Z þ1

0

Xþ1

j¼0
aj½a11

(
þ w11ðkÞ�J2jþ1ðbkÞ

þ
Xþ1

j¼0
bjw12ðkÞJ2jþ2ðbkÞ

)
cos 1kdk ¼ 0;

Z þ1

0

Xþ1

j¼0
ajw21ðkÞJ2jþ1ðbkÞ

(

þ
Xþ1

j¼0
bj½a22 þ w22ðkÞ�J2jþ2ðbkÞ

)
sin 1kdk ¼ 0:

ð23Þ
The functions cos 1k and sin 1k may be expressed
in the form of series as follows:

cos 1k ¼
X1
i¼0

eiJ2iðbkÞ cos 2iu;

e0 ¼ 1; ei ¼ 2 ðiP 1Þ;

sin 1k ¼
X1
i¼0
2J2iþ1ðbkÞ sinð2iþ 1Þu;

u ¼ arcsinð1=bÞ:

ð24Þ
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Substituting Eqs. (24) into (23) and putting the

coefficients of cos 2iu and sinð2iþ 1Þu equal to

zero, the following homogeneous system of linear

algebraic equations are obtained for the unknown

aj and bj:

Xþ1

j¼0
aj½a11M ð0Þ

ij ðbkÞ þM ð1Þ
ij ðbkÞ� þ

Xþ1

j¼0
bjN

ð2Þ
ij ðbkÞ ¼ 0;

i¼ 0;1;2; . . . ;Xþ1

j¼0
ajM

ð2Þ
ij ðbkÞ þ

Xþ1

j¼0
bj½a22N ð0Þ

ij ðbkÞþN ð1Þ
ij ðbkÞ� ¼ 0;

i¼ 0;1;2; . . . ;
ð25Þ

where the values M ðkÞ
ij ðbkÞ and N ðkÞ

ij ðbkÞ (k ¼ 0; 1; 2)
denote the following expression:

M ð1Þ
ij ðbkÞ ¼

Z þ1

0

w11ðkÞJ2iðbkÞJ2jþ1ðbkÞdk;

M ð2Þ
ij ðbkÞ ¼

Z þ1

0

w21ðkÞJ2iþ1ðbkÞJ2jþ1ðbkÞdk;

N ð1Þ
ij ðbkÞ ¼

Z þ1

0

w22ðkÞJ2iþ1ðbkÞJ2jþ2ðbkÞdk;

N ð2Þ
ij ðbkÞ ¼

Z þ1

0

w12ðkÞJ2iðbkÞJ2jþ2ðbkÞdk

ði; j ¼ 0; 1; 2; . . .Þ; ð26Þ

and also M ð0Þ
ij ðbkÞ and N ð0Þ

ij ðbkÞ, which are reduced
to

M ð0Þ
ij ðbkÞ ¼ N ð0Þ

ij ðbkÞ ¼ ð�1Þj�i
=2b where i6 j;

ð�1Þi�j�1
=2b where i> j:

�
ð27Þ

For the existence of a non-trivial solution of the
homogeneous system of algebraic equations (25),

the determinant of the system should be set equal

to zero.

det kdklðb; k3;�Þk ¼ 0 ðk; l ¼ 1; 2; 3; . . .Þ: ð28Þ
Therefore, the linearized problem has been re-

duced to an eigenvalue problem for Eqs. (25) in
terms of the parameter k3 < 1.

6. Numerical results and conclusions

The problem reduced to the eigenvalue problem

is solved numerically. In solving system (25), it is

necessary to evaluate the infinite integrals given by
Eqs. (26). Therefore, we separate finite and as-

ymptotic parts of the integrals denoted byM ðkÞ
ij ðbkÞ

and N ðkÞ
ij ðbkÞ (k ¼ 0; 1; 2). The former is evaluated

using the Gaussian-quadrature formulae.

Taking into account Eqs. (21), the latter can be

written after rearranging in the following form:

Fkðm; n; y0Þ ¼
Z 1

y0

JmðyÞJnðyÞ
yk

dy ðk ¼ 1; 2Þ; ð29Þ

where Fk have been evaluated by use of formulae
[21]

F1ðm; n; y0Þ ¼
2 sin ðm�nÞp

2

h i
pðm2 � n2Þ þ y0

m2 � n2

� fJmþ1ðy0ÞJnðy0Þ � Jmðy0ÞJnþ1ðy0Þg

� Jmðy0ÞJnðy0Þ
mþ n

; where m 6¼ n;

F1ðm;m; y0Þ ¼
1

2m
J 20 ðy0Þ

(
þ
Xm�1
s¼1

J 2s ðy0Þ þ J 2mðy0Þ
)
;

where m ¼ n > 0;

F1ð0; 0; y0Þ ¼
1

p
1

y0

�
þ 1

192y30
þ 121 sin 2y0

96y0

� 25 cos 2y0
192y20

� sin 2y0
192y30

� 121Cið2y0Þ
48

�
;

where m ¼ n ¼ 0;

F2ðm; n; y0Þ ¼
1

mþ n� 1 F1ðm
�

þ 1; n; y0Þ

þ F1ðm; nþ 1; y0Þ �
Jmðy0ÞJnðy0Þ

y0

�
;

where mþ n� 1 6¼ 0;
F2ð1; 0; y0Þ ¼ F2ð0; 1; y0Þ

¼ 1
2
fF1ð0; 0; y0Þ � 2F1ð1; 1; y0Þ

� F1ð0; 2; y0Þg þ
J0ðy0ÞJ1ðy0Þ

y0
;

where mþ n� 1 ¼ 0:
ð30Þ
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The results for m ¼ n ¼ 0 are obtained by substi-
tuting the asymptotic expression for J0ðyÞ with
large value of y into the definition, and Cið2yÞ is a
cosine integral.

The results obtained above are to applied to
solids with Treloar potential (Neo-Hookean type

body, unequal roots)

W 0 ¼ 2C10A1 ¼ 2C10ðe01 þ e02 þ e03Þ; ð31Þ
where C10 is a constant of the body; e0i ¼
ðk2i � 1Þ=2 are the principal values of the Green�s
deformation tensor.

The Treloar potential in Eq. (31) may be re-

written in the simplified form

Aib ¼ �2p0dibk
�4
b ; lij ¼ p0k

�2
i k�2

j ;

S0bb ¼ 2C10 þ k�2
b p0; k1k2k3 ¼ 1; q1 ¼ q2 6¼ q3:

ð32Þ
Combining Eqs. (4), (8), (9) and (32), it follows

that

�1111 ¼ 4C10; �1122 ¼�1133 ¼ 0; �1313 ¼ 2C10k�3=2
3 ;

�3113 ¼�1331 ¼ 2C10; �3333 ¼ 2C10ð1þ k�3
3 Þ;

n1 ¼ 1; n2 ¼ k�3
3 ; m1 ¼ k3=23 ; m2 ¼ k�3=2

3 ;

l1 ¼ 1; l2 ¼ 2ð1þ k�3
3 Þ�1:

ð33Þ
Numerical evaluation gives the critical shortening

kcr3 on the dimensionless parameter b�1 increases

and tends asymptotically to the value k� ¼ 0:444.
This value is associated with the so-called surface

instability under uniaxial compression.
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