
Based on a nonclassical criterial approach associated with the mechanism for local loss of stability in the

neighborhood of a defect, a method is proposed for solving problems related to the fracture of a

compressible elastic cylinder with a cylindrical crack near its surface for large subcritical deformations.

The theory of integral Fourier transforms and series expansions are used to reduce these problems to a

system of paired integral equations and then to a uniform system of linear algebraic equations in the

contraction parameter.

A general approach to the study of the initial stage of fracture of materials subjected to initial stresses directed along

defects has been developed [1].  The proposed [2] criterion for the onset of fracture is based on the local loss of stability in the

neighborhood of a defect.  Fracture problems for infinite media with a cylindrical defect [3] and for bodies with a cylindrical

cavity and a coaxial cylindrical crack [4] have been discussed previously in terms of this approach.  In this paper we describe a

method for studying the initial phase of fracture of a continuous cylinder with a cylindrical defect of finite length near its sur-

face and subjected to uniform axial compression.

Let us consider a continuous cylinder with a circular transverse cross section of radius b + h and a cylindrical crack of

radius b and length 2a near the lateral surface of the cylinder, {r = b, 0 ≤ θ < 2π, –a ≤ x3 ≤ a}, whose axis coincides with that of

the cylinder.  Here (r, θ, x3) is a cylindrical coordinate system obtained from lagrangian coordinates xj that are cartesian in the unde-

formed state, and h is the distance between the surface of the cylindrical crack in question and the lateral surface of the continuous

cylinder.  We shall assume that the length of the crack is sufficiently short compared to the length of the continuous cylinder.

We shall solve the linearized fracture mechanics problem in a unified form for compressible elastic materials with an

arbitrary elastic potential for large subcritical deformations.  In formulating the problem, we use the components of a perturba-

tion in the asymmetric Kirchhoff stress tensor,tij , per unit area of the body in the undeformed state, as well as the perturbation

components of the displacement (strain) vector uj.

We shall assume that a continuous cylinder of elastic compressible material is subjected to a uniform uniaxial com-

pression along the x3 axis.  Initial forces applied in this fashion create a uniform stressed-deformed subcritical state in the neigh-

borhood of a defect [1]:

(1)

Here j = 1, 2, 3, the Sij
0 are the components of the symmetric stress tensor per unit area of the body in its undeformed state,uj

0

are the initial displacements,λj are the contractions along the axes, and δjm is the Kronecker symbol.  A superscript “0” in Eq. (1)

and in the following indicates quantities pertaining to the initial state.  The corresponding perturbed quantities are indicated with-

out any additional indices.

S S S S11
0

22
0

33
0

33
00 0= = ≠ =( ), const .

u xj jm j m j
0

1 2 31= −( ) = ≠ =( )δ λ λ λ λ λ, const ,

Journal of Mathematical Sciences, Vol. 103, No. 3, 2001

FRACTURE BY AXIAL COMPRESSION OF A

CONTINUOUS CYLINDER WEAKENED BY A

CYLINDRICAL CRACK NEAR ITS SURFACE

Yu. I. Khoma UDC 539.3

1072-3374/01/1033-0314$25.00 ©2001 Plenum Publishing Corporation314

Institute of Mechanics, National Academy of Sciences of Ukraine, Kiev.  Translated from Teoreticheskaya i Prikladnaya

Mekhanika, No. 31, pp. 39–45, 2000. Original article submitted January 30, 2000.



The components of the Green deformation tensor ε0 in the theory of large initial deformations are related to the con-

tractions λj by [1]

(2)

The linearized equilibrium equations for compressible bodies in the case of a uniform subcritical state (1) have the form [1]

(3)

Here the components of the tensor ω are given by [1]

(4)

where Aiβ and µij are quantities determined by the choice of model for the material and for the uniform state (1), i.e., by the

parameters λj.

For a hyperelastic isotropic body, where the elastic potential is given as a function of the principal values of the Green

deformation tensor Φ0(ε1
0, ε2

0, ε3
0), in the theory of large subcritical deformations Sij

0, Aiβ, and µij are defined as [1]

(5)

The system of equilibrium equations (3) consists of partial differential equations with constant coefficients and, in the

case of uniform subcritical deformations, its general solutions can be constructed in terms of potential functions.  For unequal

roots of the characteristic equation, n1
0 ≠ n2

0, in axially symmetric problems these representations have the form

(6)

where ϕ1(r, x3) and ϕ2(r, x3) are potential functions which satisfy the equations

(7)

Here the roots of the characteristic equation are [2]

(8)

The perturbed components of the Kirchhoff stress tensor t at the cylindrical surface, which will be required below, are deter-

mined by equations of the form [4]

(9)
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Here

(10)

We shall assume that the lateral surface of the continuous cylinder and the surface of the defect are free of stresses; the

surfaces of the cylindrical crack are involved in no contact interactions.  At the interface between the inner “1” (r < b) and outer

“2” (b < r < b + h) regions outside the crack, the continuity conditions must hold for the displacements and stresses.  Given this,

the boundary conditions for the linearized problem can be written in the form

(11)

(12)

(13)

(14)

where ρ = r /b, ζ = x3/b, β = a/b, and ρ* = (b + h) /b are dimensionless quantities,and the superscripts in parentheses corre-

spond to regions “1” and “2.”

The boundary conditions,therefore, include conditions at the free surface (11) and at the surfaces of the cylindrical

defect (12),as well as continuity conditions for the displacements (13) and stresses (14) at the interface between regions “1”

(r < b) and “2” (b < r < b + h).

We write down the potential functions ϕi(r, x3) which appear in representations (6) and (9) as integral Fourier expan-

sions (with the appropriate superscripts) in both regions “1” and “2:”

(15)

Here vi(λ), wi(λ), and yi(λ) (i = 1, 2) are unknown weighting functions,and I0 and K0 are the modified Bessel functions.  Note

that for h → ∞, we must set yi(λ) ≡ 0 in the integral representations (15)  [3].

Using expansions (15),as well as representations (6) and (9),we obtain an expression for the components of the dis-

placements and stresses in the corresponding regions:
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(16)

and

(17)

Substituting Eqs. (16) and (17) in the boundary conditions (11) and (14),we obtain equations that couple the unknown

weighting functions.  Given these relationships,the remaining boundary conditions (12) and (13) yield a system of paired inte-

gral equations

(18)

(19)

in the new unknown functions Dr(λ) and D3(λ).

We expand the unknown functions Dr(λ) and D3(λ) in infinite series of Bessel functions of the first kind with unknown

coefficients aj and bj [5]:
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Substituting the unknown functions Dr(λ) and D3(λ) in Eq. (19),we obtain some identities [6] and from Eqs. (16) we

have

(21)

Using the series representations of the functions cosζλ and sinζλ [6],

(22)

where ε0 = 1, εi = 2 (i ≥ 1), and ϕ = arcsin(ζ /β), and then equating the coefficients of cos2iϕ and sin(2i + 1)ϕ in Eq. (21) to

zero, we obtain a homogeneous system of linear algebraic equations in the unknowns aj and bj,

(23)

Here
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The homogeneous system of algebraic equations (23) has a nontrivial solution if the determinant of the system equals

zero, i.e.,
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Thus,determining the critical loads reduces to solving eigenvalue problems for the contraction parameter λ3 < 1 in the

system of homogeneous algebraic equations (23),which is solved numerically.
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