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FRACTURE BY AXIAL COMPRESSION OF A
CONTINUOUS CYLINDER WEAKENED BY A
CYLINDRICAL CRACK NEAR ITS SURFACE

Yu. I. Khoma UDC 539.3

Based on a nonclassical criterial approach associated with the mechanism for local loss of stability in the
neighborhood of a defect, a method is proposed for solving problems related to the fracture of a
compressible elastic cylinder with a cylindrical crack near its surface for large subcritical deformations.
The theory of integral Fourier transforms and series expansions are used to reduce these problems to a
system of paired integral equations and then to a uniform system of linear algebraic equations in the
contraction parameter.

A general approach to the study of the initial stage of fracture of materials subjected to initial stresses directed a
defects has been developed [1]. The proposed [2] criterion for the onset of fracture is based on the local loss of thtability i
neighborhood of a defect. Fracture problems for infinite media with a cylindrical defect [3] and for bodies with a cylindric
cavity and a coaxial cylindrical crack [4] have been discussed previously in terms of this approach. In this paper wa desct
method for studying the initial phase of fracture of a continuous cylinder with a cylindrical defect of finite length swar its
face and subjected to uniform axial compression.

Let us consider a continuous cylinder with a circular transverse cross section obradiwsd a cylindrical crack of
radiusb and length @ near the lateral surface of the cylinder=b, 0< 8 < 2m, —a < X; < a}, whose axis coincides with that of
the cylinder. Herer(6, x3) is a cylindrical coordinate system obtained from lagrangian coordi@ﬂm are cartesian in the unde-
formed state, anldis the distance between the surface of the cylindrical crack in question and the lateral surface of the contint
cylinder. We shall assume that the length of the crack is sufficiently short compared to the length of the continuous cylinder

We shall solve the linearized fracture mechanics problem in a unified form for compressible elastic materials with
arbitrary elastic potential for large subcritical deformations. In formulating the problem, we use the components of a pertu
tion in the asymmetric Kirchhoff stress tengpr,per unit area of the body in the undeformed state, as well as the perturbatio
components of the displacement (strain) veator

We shall assume that a continuous cylinder of elastic compressible material is subjected to a uniform uniaxial ¢
pression along thwe; axis. Initial forces applied in this fashion create a uniform stressed-deformed subcritical state in the neir
borhood of a defect [1]:

W =8im(A; ~Uxn A =A; %25 (A =const),

$=5,=0 S%3#0 (§3:CO”§)- @)

Herej =1, 2, 3, theﬁjo are the components of the symmetric stress tensor per unit area of the body in its undeforrué?d state
are the initial displacemenf)ﬁ,are the contractions along the axes,é}p,ds the Kronecker symbol. A superscript “0” in Eq. (1)
and in the following indicates quantities pertaining to the initial state. The corresponding perturbed quantities adewittiicate
out any additional indices.

Institute of Mechanics, National Academy of Sciences of Ukraine, Kiev. Translated from Teoreticheskaya i Prikladn:
Mekhanika, No. 31, pp. 39-45, 2000. Original article submitted January 30, 2000.

314 1072-3374/01/1033-0314$25.6@001 Plenum Publishing Corporation



The components of the &n defrmation tensore® in the theoy of large initial debrmations ae relaed to the con
tractions)\j by [1]

2¢0 = 5 (AZ- —1). @)
The lineaized equilibium equ#éions for compessille bodies in the case of a umifn subcitical stae (1) hae the drm [1]
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Here the components of the tensoare gven by [1]

+6i[36ju§§][3, (4)

where A and W are guantities deterined ty the doice of model dér the méerial and br the unibrm stde (1),i.e., by the
pamametes )\j.

For a lypeelastic isotopic bod, where the elastic potential isSvgn as a function of the ipcipal values of the Gaen
deformétion tensorCDO(sf, sg, sg), in the theoy of large subcitical deformétions S?, Ajg, andyy; are defned as [1]

Ojap =Mk | 38apAp +(1—5”-)(6m5j3 +6i86ja)uij
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The system of equiliwmm equaions (3) consists of paal differential equédons with constant co€ients andin the
case of unibrm subcitical deformdions, its geneal solutions can be constited in tems of potential functions. df unequal
roots of the bhamacteistic equaion, nl0 4 ng, in axially symmetic problems theseegpresenttions hae the brm
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whete ¢4(r, X3) andd,(r, X3) are potential functions hich sdisfy the equtions
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Here the pots of the baracterstic equéion ae [2]
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2
2011171W1331C = 01111W3333 + Wy331W3193 ~ (‘*’1133 + 001313) : (8)

The peturbed components of the Kithoff stress tensor at the glindrical surfice which will be required belav, are deter
mined ly equaions of the 6rm [4]
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Here

1
Cgg = W1313; M —(w1111”i —m3113)(w1133+w1313) ;
d =1+ M2 W2 —(w n +w )u)_1 :

j =Lt My331001313; B = (011221 + Wy933M JWy313;

-1 .
li = ((*)1111 ‘(*)1122)(0)1111ni +w1133m) (l =1, 2). (10)

We shall assume ththe laeral surfice of the contimous glinder and the suaice of the defct ae free of stesses; the
surfaces of theydindrical crad are involved in no contact intactions. At the interbice between the innefl” (r < b) and outer
“2" (b <r < b+ h) regions outside the axk, the contimity conditions nust hold br the displacements andedtses. @en this,
the bounday conditions ér the lineaized poblem can be wtten in the érm

tP=0, 12 =0 (p=p', 0=[7] <+e); (11)
P =t =0, t9=1F=0 (p=1 12I<B); (12)
u® =u@, P =uP (p=1 |7|>B); (13)
=@, Q=@ (p=1 0517 <), @9

where p =r/b, { = X3/b, B = a/b, and p* = (b + h)/b are dimensionless quantitiesnd the supsciipts in paentheses cog-
spond to egions“1” and“2.”

The bounday conditions,therefore, include conditions athe free surdce (11) andtathe surhces of the ydindrical
defect (12),as well as contimity conditions ér the displacements (13) andesises (14)tahe interhce betwen egions“1”
(r<b)and“2” (b<r<b+h).

We wiite dovn the potential functiong;(r, Xx3) which gopear in epresenttions (6) and (9) as ingeal Fourier expan
sions (with the ppropriate supesciipts) in both egions“1” and“2:”

Caud® = ‘:FVi (A)Io(ﬁxp) cosZA dA ;
0
cud? = [ (\)1o(ynAp) costr dn + [v (\)Ko(\nAp)costran (i =1,2). (15)
0 0

Here vi(A), wi(A), andy;(A) (i = 1,2) ae unknevn weighting functionsandl, andK, are the modied Bessel functions. Note
that for h — o, we nust sety;(A) = 0 in the intgral representtions (15) [3].

Using pansions (15)as vell as epresentions (6) and (9)we obtain angression ér the components of the dis
placements and &sses in the corsponding egions:

2 +oo
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2 too

b2t = -y Ivi()\)ll(\je“ﬁi)\p)di JiA2sinZAdA,
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2 +00
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2 +o
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+yi(A) él% KO(\/nT)\p) +% Kl(\ﬁxp) égpl A cosghdA. (17)
|

Substituting Egs. (16) and (17) in the bouydzonditions (11) and (14)ve obtain equ#ons tha couple the unknen
weighting functions. Gien theseelaionships.the emaining boundagrconditions (12) and (13) yield a system of pdimte
gral equdions

I{lpll()\) D, (A)+Wy,(A) Ds(A)} cosiAdh =0, 0<Z<p;
0
J.{lp21()‘) Dy (A) + W (A) D3(7\)} sin(AdA =0, 0<(<B; (18)
0
J’Dr (A)costa di =0, J’D3()\)sin0\ d\=0, Z>B (19)
0 0

in the nev unknavn functionsD,(A) andD(A).

We expand the unknan functionsD,(A) andD4(A) in infinite seres of Bessel functions of thiedt kind with unknavn
coeficientsa andb [5]:

D/(A)= z aAy;,4(BN); Dy(A)= Z bA™3;42(BA). (20)
j=0 j=0
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Substituting the unkmen functionsD,(A) andD5(A) in Eq. (19)we obtain some identities [6] andf Egs. (16) w
have

+00 | oo +00

I anll ) J2j41(BA) + melz )JZHZ(B)\)S cos{\ dA =0;

+00 [4oo +00 H

I anZl ) 32;41(BM) zbwzz )321+2(B7\)E?\ snZAdA =0, 0<Z<p. 21)

Using the sees representtions of the functions cda and sigA [6],

+00

sni\ = z 235 4(BA)sin(2i +2)¢;
=0

+o00

cosi\ = Z € J,i (BA) cos2id (22)

wher ey =1,¢ =2 (=2 1),andd = arcsin(¢/B), and then equing the codicients of ce2i¢ and sh(2i + 1) in Eq. (21) to
zero, we obtain a homgeneous system of linear alaic equéions in the unkmvnsa]- andbj,

+o0 +o0
> (BN + by @i (BA) =0;
= =

z a, ¢21 (BA) + Z b: q>22 =0,12,..). (23)
j=0

Here

+o00

OIBA) = [Wia(A) 35 (BA) Jpp.a(BA)A e
0

+oo

o (BA) = _["1112()‘) 351 (BA) J;.2(BA) Ak

+00

q)ﬁl(B}‘) = J."I"Zl(}‘) ‘]2i+1([3)\) sz +1(B7\)7\_1d)\ ;
0

+00

O (BA) = I‘Pzz (M) 35i42(BA) 3j2(BA) Ao . (24)
0

The homgeneous system of agraic equéions (23) has a nontial solution if the deteninant of the system equals
zero, i.e.,

det”dkl(B, p*,)\3,co)”:0 (k1=123.). (25)
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Thus,detemining the citical loads educes to solving eggvalue poblems br the contaction paamete\; < 1 in the
system of homgeneous algbraic equéions (23),which is sohed rumeically.
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